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1. Introduction 

The twisted compactification of the six-dimensional N = (2, 0) theory on a punctured 
Riemann surface C 9jT1 gives rise to a large class of N = 2 superconformal field theories 
(SCFT) in four dimensions [|, called class S. The gauge couplings of these theories 
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are exactly marginal and the space of the gauge coupling is identified with the moduli 
space Mg, n of the complex structure of C g>n , on which the 5-duality group acts. There 
is another class of SCFT's which is isolated in the sense that they do not allow marginal 
deformations. This class of theories was originally found as a nontrivial IR fixed point 
on the Coulomb branch of asymptotically free gauge theories and called Argyres-Douglas 
type H |], H]. The characteristic feature of these theories is that mutually non-local BPS 
particles get massless at the superconformal point. Recently, it was shown that this class of 
SCFT's can also be constructed by the compactification of the six-dimensional N = (2, 0) 
theory on a sphere with an irregular puncture H RJ . 

From the six-dimensional viewpoint a remarkable correspondence has been uncovered 
IH, P : the instanton partition function of the four-dimensional M = 2 gauge theory of 
class S is exactly equal to the conformal block on C g ^ n of W algebra in two dimensions, 
with a suitable identification of the parameters. Then, an extension of the correspondence 
to isolated SCFT's has been proposed in [jll], 12 1 by finding that the two-dimensional CFT 
counterpart of the irregular puncture is an irregular state which is a simultaneous eigenstate 



of the higher Virasoro generators. In [12| the irregular state has been constructed by a 
collision (or confluence) of several Virasoro vertex operators corresponding to the regular 
punctures. Similar construction was given by using the matrix model in [13, 14]. In this 
article we explore this proposal for the irregular states of W3 algebra and isolated SCFT's 
with an SU(3) flavor symmetry. 

To the compactification on C giTl of M = (2, 0) theory of An type, one can associate 
the Hitchin system on C 9i „ with gauge group SU(N + 1) [||, 15, [Eg]. The Seiberg-Witten 
curve of the four-dimensional theory is identified with the spectral curve of the Hitchin 
system. At a regular puncture the sl(N + 1) valued holomorphic one-form 1 ip(z) of the 
Hitchin system has a simple pole and the residue is associated with mass parameters. If 
(f(z) has a pole of higher order, the puncture is called irregular. The coefficients of the 
spectral curve: det (x — <p(z)) = x N+1 + <j>2{z)x N ~ 1 + • • • + 4>n(z)x + (f>N+i{z) = gives 
a j-th differential <pj{z). The parameter x in the spectral curve is a fiber coordinate of 
the cotangent bundle T*C 3j „ and the Seiberg-Witten differential is the pull-back of the 
canonical one- form A = xdz on T*C 9j „ to the spectral curve. 

The AGT correspondence || [| tells us that the "expectation value" (W^\z)) of the 
spin j current in the Wn+i algebra gives the j'-th differential <f>j(z). Now at an irregular 
puncture the j-th differential cj)j(z) has a pole of the order higher than j. Since the spin 
j current is expanded as W^\z) = W^\z — a)~^~ n around a puncture z = a, this 

(i) 

implies that some of the positive modes Wn do not annihilate the state associated with 
the irregular puncture. Namely it is not a primary state any more. By using such irregular 



x Due to the twisted compactification the field <p{z) becomes a one-form on C g ,n- 



-2- 



states, to any Riemann surface with irregular punctures we can construct the irregular 
conformal block, as is the case with regular punctures. We note that the irregular conformal 



block also appears in connection with the so-called confluent KZ equations [17, 18, 19]. 

The isolated SCFT in four dimensions has several (off-critical) deformation parame- 
ters from the superconformal fixed point on the Coulomb branch: the VEV's of relevant 
deformation operators Vi paired with the corresponding couplings Cj, and mass parameters. 
The parameters V{ can be considered as the Coulomb moduli of the isolated SCFT. We 
can incorporate the relevant parameters in the Seiberg-Witten curve as the coefficients of 
the Laurent expansion of the j-th differential (ftj(z) around the pole of higher degree. This 
is the reason why we need irregular singularities for the Seiberg-Witten geometry of the 
isolated SCFT. 

This, however, indicates also that irregular singularities do not necessarily lead to 
the isolated SCFT. Namely, it is easy to see that when the singularity of the differential 
is too mild, there is no room to include the above-mentioned deformation parameters. 
This case simply corresponds to an asymptotically-free gauge theory with a Lagrangian 
description, e.g., SU(N + 1) pure super Yang-Mills (SYM) theory. In the context of the 
AGT correspondence, these milder irregular states were defined as a coherent (Whittaker) 



state in the Verma module [2C, pij| . This has been generalized to several cases: we can find 
the defining conditions for such states in the Verma module of the chiral algebra of the 



corresponding CFT [22, M, 11 H> II IB H> 11 l9> H HI 



In this paper, we consider the wilder irregular states of W3 algebra which correspond 
to the isolated SCFT's with an 577(3) flavor symmetry, extending the 577(2) case discussed 
in previous literatures. After reviewing the SU (2) case in section |^, we introduce in section 
ID an irregular state \I n ) of W3 algebra by taking an appropriate limit of colliding (n + 1) 
punctures. For 577(3) we have two types of regular punctures; puncture of simple type and 
of full type. In this paper we only consider the case where n simple punctures are colliding 
with a single puncture of full type, leaving other possibilities for future investigation. The 
W3 algebra consists of the energy momentum tensor T(z) = L n z~ 2 ~ n and the spin-3 

current W(z) = W n z~ 3 ~ n . Using W3 Ward identities for the primary states associated 

with the regular punctures, we derive the characterizing conditions for the irregular state 
|I~ n ). It turns out that |J n ) is a simultaneous eigenstate of L n , . . . , Li n and W^n-, ■ ■ ■ > Wan 
and annihilated by higher modes 7&>2n and W^>3 n . 

The gauge theory counterpart will be analyzed in section || after considering the 
simpler SU(2) case in section The two-dimensional CFT analysis implies that if we put 
the irregular state |J„) at z = 0, the corresponding Seiberg-Witten curve of 577(3) gauge 
theory is x 3 + <p2{z)x + 4>z(z) = where the quadratic differential 02 (2) and the cubic 
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differential (f>3(z) have a pole of order 2n + 2 and 3n + 3, respectively. We show that an 
isolated SCFT with such singularity arises in a scaling limit of SU (3) linear quiver gauge 
theory which is obtained by the compactification of M = (2, 0) theory on the Riemann 
sphere with regular punctures. By the scaling limit we make the punctures other than at 
infinity colliding at the origin. We conclude with several discussions in section ||. 

The conventions of W3 algebra and the A2 Toda theory are fixed in Appendix [A|. 
In Appendix |B|, we will see that depending on the convention of the basis of the Verma 
module, it is possible to derive two different conditions for the irregular state. In Appendix 
1^, we summarize the fact that the irregular state for the U(l) current algebra is a familiar 
coherent state in the Fock space of free boson. 

2. Irregular states of Virasoro algebra 

The six-dimensional M = (2, 0) theory of type An on a Riemann surface C gn , allowing only 
regular punctures, with a suitable twist gives a class of M = 2 superconformal field theories 
in four dimensions. Let us denote this M = 2 theory by 5(A/v, C g>n ). The regular puncture 
comes from the codimension-two defect of the six-dimensional theory and is classified by 
a Young diagram with N + 1 boxes |ffl] including the information of a flavor symmetry. In 
this paper we only consider N = 1 and 2 cases. 

The AGT correspondence [Q] (and generalization to higher rank case [|], |33|) relates the 
Nekrasov instanton partition function of S[An, C gn ] on the Omega background (ei, €2) with 
the conformal block of VW algebra on C g , n . We should note that in this correspondence we 
need to specify a marking of C g . ri . On the gauge theory side this leads to a particular weak 
coupling description, while on the CFT side this is necessary to compute the conformal 
block. A simple example of the correspondence is the case with N = \ and 6*0,4. In this 
case S L4i, 6*0,4] is an SU(2) gauge theory with four fundamental hypermultiplets and the 
AGT correspondence relates the Nekrasov partition function Zg^ 1 ^ Q j with the conformal 
block B [6*0,4] of the Virasoro algebra on four-punctured sphere; 

Z S[Al , 0oA =B[C OA ]. (2.1) 

The N = 2 theory S [A\, 6*0,4] has vanishing beta function leading to the superconformal 
invariance at the origin of the Coulomb moduli space and vanishing hypermultiplet mass 
parameters. This is simply due to the fact that there only appear the regular punctures. 

In this paper we will investigate the AGT correspondence for asymptotically free gauge 
theories, especially for the isolated SCFT's appearing as a nontrivial IR fixed point on the 
Coulomb moduli space of M = 2 quiver gauge theory. This extension requires an insertion 
of irregular punctures on the Riemann surface so that the Seiberg-Witten differential has 
higher singularities. We explain how these irregular punctures appear on the both sides of 
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the correspondence. In this section, we provide a brief introduction to such extensions in 
the N = 1 case, namely Virasoro algebra and SU(2) gauge theory. 



2.1 Irregular states and asymptotically free gauge theories 

Let us denote the Riemann surface of genus g with n regular punctures and I irregular 
punctures by C g ^ n t^\ where i = 1, . . . ,£ and di are degrees of irregular punctures. There 
is only one type of regular punctures in the A\ case and each puncture is associated with an 
SU(2) flavor symmetry. To this Riemann surface we have a four-dimensional gauge theory 
W(Ai, C g ^ n ^ d .y). When I = we denote the Riemann surface as C sn { d j = = C 9i „, which 
reduces the theory to the class S of SCFT's. The presence of irregular punctures changes 
the theory into asymptotically free. The matter content of the theory is determined by the 
degree of the irregular punctures. 

The simplest example with irregular singularities is the pure SU (2) super Yang-Mills 
(SYM) theory which is associated with C 00 {3 3}, namely a sphere with two irregular 
punctures of degree 3/2. Indeed, the Seiberg-Witten curve of SU(2) SYM theory with the 
Coulomb moduli u and the dynamical scale A is written as 

9 , , . A 2 u A 2 . 
x 2 = Mt) = W + ^ + T , (2.2) 

where the Seiberg-Witten differential is Asw = xdt g, |(]] . Counting the degrees of punc- 
tures with respect to the differential Asw> we see that the theory is associated with C o ^} 
whose punctures are at t = 0, oo. To add one hypermultiplet changes the degree of one of 
the irregular punctures as follows: 

A 2 Am u A 2 . . 

^ = 4F + ^ + ^ + T' M 

where m is the mass parameter of the hypermultiplet. The irregular puncture at t = now 
has degree 2 and the theory is associated with C Q | 2 3 j. 

The decoupling of the SU (2) gauge group in the above examples leads to a sphere with 
one irregular and one regular puncture; C 1 13| or C 0i i j {2}- In other words, W(Ai, C 1 13|) 
and W(Ai, Co,i ) {2}) are the theory of "no hypermultiplet" and of two free hypermultiplets 
respectively. These two types of two-punctured sphere indeed exhaust possible choices to 
have an asymptotically free SU (2) gauge theory with a Lagrangian description. The other 
types of two-punctured sphere where the degree of the irregular puncture is higher than 2 
lead to isolated SCFT's which do not have Lagrangians. 

For the above two cases which allow a Lagrangian description, the corresponding states 
on the two-dimensional CFT side were found in [20]. We demonstrate the idea by reducing 
the number of flavors by one out of the original AGT correspondence (|2.1| ). The starting 
point on the CFT side is the conformal block £>[Co,,i]. Let us introduce the following state 
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made from two primaries: 

W*)|Ai)| A « 2^ ' =: |i?(A 2 ,A i; z)), (2.4) 

(AlVAiUjIAl) 

where |a is the projection onto the Verma module Va- The corresponding projector is 
1a = YIyy' \ A,Y) Q (A)yy' (A,y|, where the summation is over two Young diagrams 
(partitions) Y and Y' . The descendants |A, Y) = L_y|A) span the Verma module and 
Qy,Y' = (A, Y\A, Y') is the Kac-Shapovalov matrix which is assumed to be non-degenerate. 
The state on the right hand side is of course a regular vector \R) £ Va in the module and 
the leading term of the level expansion is \R) = |A) + • • • in this normalization. The 
spherical four-point conformal block is then 0[Co,4] = {R(A&, A3; 1)|jR(Ai, A2; z)). Two 
fundamental hypermultiplets therefore are associated with the regular state \R). The mass 
parameters of these matters are related with the Liouville momenta a,i of the corresponding 
primary states with conformal dimension Aj = «j(Q — «j) by 2 

Q Q 

mi = c*i - a 2 - — , m 2 = a>i + a 2 -— , 

mi = Q3-a 4 -— , m 2 = + - — , (2.5) 

where Q is related to the central charge by c = 1 — 6Q 2 . 

To describe a state corresponding to a single hypermultiplet, let us decouple the matter 
with mass parameter mi by sending mi — > 00. In addition, we have to fix the low-energy 
dynamical scale finite in order to keep low-energy gauge theory dynamics. Since the AGT 
dictionary for the UV gauge coupling constant tuv translates the moduli into z = e 27rrruv , 
the dynamical scale below the energy scale mi is the dimensional transmutation parameter 
zmi = A. We therefore have to send z to zero with this dynamical scale fixed. We can 
translate this limit in the language of two-dimensional CFT as 

ai — a 2 — > 00, z — > 0, Co = «i + a 2 , ci = (ai — a 2 ) z (2-6) 

for certain fixed values co,i- This decoupling procedure makes the two primary fields Vi )2 
colliding and their momenta infinitely massive. 

This collision limit simplifies the regular state \R) and the resulting conformal block 
(R\R). Indeed the limit leads to the following state in the Verma module [5jJ]: 

\R)^\h(m 2 ,A))= ]T(2m 2 + Qr- 2 P Q (A)^_ 2p . 2P])K |A, Y). (2.7) 



2 Here we adopt the standard convention of the Liouville momentum. In the next subsection we will 
change the definition with Ai = at(ai — Q) for convenience. 



- 6 - 



This state |ijv>=i) describes a puncture associated with one hypermultiplet. For instance, 
the scalar product (i?(A4, A-3)\lN f =i) gives the Nekrasov partition function for SU(2) 
SQCD with 2 + 1 flavors W(Ai,Cq } 2,{2})i an d (-Tw^ =1.1-^=1) provides that with 1 + 1 
flavors W(Ai,C 0A { 2 ,2})- 

The irregular state with no hypermultiplet \Ijsf.=o) can also be obtained by a similar 
decoupling limit. By using these states we can formulate the correspondence for SU(2) 
gauge theory with Nf(< 3) hypermultiplets. This is an extended version of the AGT 
correspondence to asymptotically free gauge theories, and has been proven in [34] for the 



N 



f 



0, 1, 2 cases. 



In spite of the complexity of the expression (2.7), the following simple conditions 
characterize the state \Ii(m, A)): 

Q" 



Li \h(m,A)) 



m + 



A|/i(m,A)>, L 2 |/i(m,A)> =A 2 |/i(m,A)>. 



(2- 



Actually we can show that ( |2.7[ ) is the unique solution to the conditions (|2.8D up to an 
overall factor. To check the relation with the gauge theory quickly, one can see that the 
insertion of the energy-momentum tensor T(z) into the conformal block is identical to the 
(j>2 in the —> limit pj. Let us define the insertion of T(z) into the irregular conformal 
block which we are considering as 



iCFT/ 



lim (T(z)), 

ei,2->-0 



(2.9) 



up to an irrelevant coefficient. The above conditions fl2.8| ) for |ijv>=i) agree with the 
behavior of the irregular puncture of degree 2 (|2.3| ). We can also check the agreement of 
the coherent state condition on the irregular state |ijv>=o) with the puncture of degree 3/2. 

2.2 Irregular states from the collision of primaries 

In this subsection we review the approach by Gaiotto-Teschner [^] to obtain the irregular 
states from the collision of primaries. Let us consider the state that is obtained by acting 
n primaries (vertex operators) V&^Zi) on the primary state; 



\Rn) -n^O^IA^}. 



i=l 



By acting the Virasoro generators on this state, we obtain 



T+(y)\R r , 



E 



A; 



+ 



A 



ra+l 



y 



d 



+ 



Li 



\ y{y - Zi) dzi y 



\Rr. 



(2.10) 



(2.11) 



We study the behavior of this equation in the collision limit in order to show a characteristic 
of the collision-induced irregular vector. 
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We will take a singular behavior of the state from the above expression and evaluate 
the limit-value of it. For this purpose, we introduce 



Casing 



on a n+ i 



y-z% y 



and 



r s m g (y) := (SjAing) 2 + Q dy(j> sing , 



(2.12) 



(2.13) 



following [12|. Here we employ the convention Aj = ai(oti — Q) of [33]. A redefinition of 
the state by 



\Rn) =\{zT ian+1 II (^-^) 2 ^^n), 



(2.14) 



8=1 



l<i<j'<n 



simplifies the action of the "positive" part of the energy momentum tensor T + (y) = y 2 k L^ 



k>-l 



T + (y)\R r , 



Now we have 



^ £-1 

^singly) + > -7 r "o H 

~(y{y- z i) dz i y 
P n {y) 



\R-n)- 



0„ 



(2.15) 



(2.16) 



w^-yn^iCv-*)' 

where P n (y) '■= Co y n +c\y n ~ l + - ■ -+c n is a polynomial of n-th order in y and the coefficients 
are given by 



Co = «i H ha n + ain+1, 

c k = (-l) k y, 

l<il<---<ifc<n 



«i ) > (1 < fc < n). (2.17) 

ii^{ti,...,ifc} 



Note that is /c-th order in Zj's and linear in ay's. We will take the limit Zi — > and 
ay — > oo, while keeping co,ci,...,c n finite. Thus all the primaries are colliding at the 
origin and all the "momenta" becomes large, keeping the total momentum finite. Let us 
look at the Virasoro conditions on the limit state \R n ) — > \I n {a,Ci)). The limit of T s i ng is 
simply 



Tsing(y) — + ••• + — + CO - — 

?r \y y y 



Q ( (n + l)c n 2ci 

■ H 1 h c . 



(2.18) 



The limit of the derivative terms is more involved. We use 

d ^— s dcj d 



y(y - zi) dzi y(y - m) dz-i dcj 



(2.19) 
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By evaluating the Euler derivative of c,- which is at most the first order in each Z{ , we find 



E 



Zi dcj d 



\ y{y - Zi) dzi dcj y(y - Zi) dcj 



E 







(2.20) 



(i) 

where Cj is the part of Cj that contains Zi, or more explicitly 



E 



' ' ' ^ij—i 



ifc^i,l<ii<"-<ij_i <n 



<{i,U,...,ij_i} 



(2.21) 



Since c,- is of order j in Zj's, the Euler derivatives give the overall factor j. When we reduce 



(12.201) , the common denominator is y(y — z\) ■ ■ ■ (y — z n ) and it is easy see that the leading 
term is jcj/y 2 . The remaining terms also produce the higher c k , k > j by discarding some 
of ctj's, which vanish in the limit. Note that it has an additional power of y whose degree 
is determined by the discrepancy of the order in Zi's between c k and Cj. Thus we see 



E 



,(*) 



^ y(y - y 2 

In summary the limiting state satisfies 



c + ... +y 3-n Cn \ 



(2.22) 



T+(y)\I n ) 



1 / ci \ Q ( (n + l)c 

2 1 ft 1 1-00 2 

y Vy y J y 



y , 



E j ( c n \ d L_x 



Looking at the coefficient of y 2 fc we obtain the action of L k on \I n ) as follows; 



2ci 

+ . . . + + Co 

y 



(2.23) 



Ln\L, 



L n \In) 



L n +k\In) 



co(co - Q) + E JC J 



9 



fe-i 



n—k 



c k (2c - (k + l)Q) + Qc fc -£ + £c £+k — 

t=\ £=1 ' ' ' 

n-1 

c„(2c - (n + 1)Q) + ^ qc„ 



lift), (!<£;< n-1) 



l/.„ 



|/n), (!<*:<«) 



(2.24) 



and Lk\I n ) = for k > 2n. We obtain an irregular state of order n introduced by [12]. We 
see that \I n ) is an eigenstate of L n , . . . , L^n-, but not for Lq, . . . , L n _\. 
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As we summarized in Appendix |C], the irregular state of the U(l) current algebra is 
nothing but a familiar coherent state in the Fock space of free boson. Hence, if we employ 
a free field realization of the Virasoro algebra 



L n := : a fc a n _ fe : -Q(n + l)a n , (2.25) 



in terms of the U(l) current J(z) = ^^a n z n 1 , we find a solution to the conditions (2.24) 
as a coherent state 

a k \I n )F = c l \I n ) F (l<fc<n), a £ |/ n ) F = (£ > n), (2.26) 

in the Fock space. Here we identify some of the creation operators with the differential 
operator k-^, which affects the prescription of the normal ordering. To make use of such a 
free field solution to the irregular state for the construction of the irregular conformal block, 
we have to understand the role of the screening operators [jl2| . For Virasoro regular states 
the treatment of the screening operators in the matrix model was worked out in [35, 36|, 37], 



and one can recast a Virasoro conformal block into a Dotsenko-Fateev integral. This idea 



should work also for irregular blocks in the collision limit 13]. In the W3 case, however, a 
similar handling of the screening operators is an open problem at the moment. 

Note that is nothing but the irregular state |ijv>=i) discussed in section 2.1. In 
fact \Ii) satisfies 



Lo\h) 



co(co -Q) + ci-^- 



\I- 



L x \h) = 2(c - Q) Cl |/i>, L 2 \h) = c\\h). (2.27) 



The last two conditions should be compared with the condition ( |2.8| ), We recover the 
famous dictionary m ~ cq, Q ~ e+/2. Moreover we find c\ ~ A. The identification c\ ~ A 
implies the first relation for Lq can be regarded as the Matone's relation |38|] in Seiberg- 
Witten theory. 

The higher irregular states \I n ) (n > 2) are argued to correspond to isolated SCFT's 
W(j4i, Co,l,{n+l})- Indeed if we put this irregular state at z = 0, </>2 FT behaves locally 

lim n <TW)=fc CTT (*) = ^ + ... > (2-28) 

and this agrees with the behavior of ^2 of W(Ai, C 0) i ,{ n +l}) theory, as we will see in section 
^. The simplest state corresponding to the SCFT is 1/2)7 whose conditions are explicitly 
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given by 



L \h) 

Li\h) 
L 2 \h) 



d d 
co(co - Q) + ci- h 2c 2 — 

OC\ OC 2 



2ci (cq - Q) + c 2 



_d_ 

dc\ 



(c 2 (2co-3Q) + c?)|7i), 
2ciC2|/ 2 ), ^4^2 



c||/ 2 ) 



(2.29) 
L3 and 



Note that the eigenvalues of L^^ follow from the commutation relations [L 2 ,Li 
[L 3 ,Li] ~ 2L 4 . 

In [|ll|] the explicit expressions like (2/7) for the higher irregular states have been found. 
These expressions satisfy a set of similar conditions described above. (The conditions 



derived in [11| are slightly different from those here because of a difference of conventions, 
as we will explain in Appendix Jb[) In fact the irregular states in |Tl]] are slightly different 
from those constructed by the collision limit here. This can be seen from the fact that the 
coefficient of the primary state in the expansion of the irregular state \I n ) is a nontrivial 
function of the parameters q. On the other hand, in |pH| , this was normalized to be 1. We 
will discuss this point more in section |6[ The states in Virasoro module satisfying these 
conditions have also considered in [09i. 



3. Irregular states of W3 algebra 

In this section we generalize the story for the Virasoro algebra to irregular states in W3 
algebra and SU(3) gauge theories. In this case there are two types of regular punctures Q. 
The first one is of simple type and associated with a U(l) flavor symmetry (or carries a 
single mass parameter). The other is of full type and has an SU(3) flavor symmetry with 
two mass parameters. We are going to consider the collision of one full puncture with n 
simple punctures, as depicted in fig. [j]. 

Based on the W3 Ward identities for the primary states, we first show that the irregular 
state obtained by a collision of a full puncture and a simple puncture is nothing but the 
generalized Whittaker state introduced in |]32[|. It is known that due to the special condition 
on the A 2 Toda momentum for the simple puncture 0], the primary state of the simple 
puncture has a level one null state, which allows us to express the action of the mode W_i in 
terms of the differential operator in the coordinates of the punctures. Then we consider the 
case where n simple punctures are colliding with a full puncture and derive the conditions 
which should be satisfied by the irregular states. For the Virasoro part the condition 
is the same as the SU(2) case described above, since the corresponding Ward identities 
remain the same. For the W3 part, the condition involves the generators up to W^ n . The 
irregular state is an eigenstate for W 2n , . . . , Wj, n and the actions of W n , . . . , W 2n -i are 
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Figure 1: The collision of vertex operators Vi(zi), ■ ■ ■ ,V n +i(z n+ i) . 

given by the first order differential operators in cq,c\, . . . , c n . Unfortunately it seems that 
we cannot write the actions of the lower non-negative modes Wo, Wi, . . . , W n _i in a simple 
way. We will see that the irregular W3 states considered in this section correspond to the 
W(A2, Co,i,{n+i}) theory in section || 

3.1 Collision of two punctures: n = 1 

Let us start with the simplest example: the collision of two primary operators. The state 
associated with two primary fields is 

\Ri):=V 5l (z)\V S2 (0)). (3.1) 

Since we will compute the scaling limit of the state with keeping application to irregular 
conformal blocks in mind, we work with chiral vertex operators V$(z), instead of full pri- 
mary fields. To apply the AGT correspondence of SU(3) gauge theories with fundamental 
hypermultiplets M, we choose the operator V\ semi-degenerate, i.e. 

Ad- = of + 0f ~ Q 2 , Wa % = V^aiiaj - 3/?f ) , a x = (ax, , (3.2) 

where k is given by the central charge c = 2 — 24 Q 2 as 

32 



22 + 5c 

The free field computation Q = therefore means k = 1. 
Our collision limit is the same as the one in section pf 



(3.3) 



a± — >• 00, z — y 0, CQ\=a\ + a2, c\\=a\Z. (3-4) 

This limit for W-algebra is actually the same as the decoupling limit of one flavor which 
was studied in |3^]. Let us check it explicitly. The parameter identification of the AGT 
correspondence for 577(3) SQCD is 

m 1 = -— ai + - + -j=a 2 , (3.5) 

m 2 = ~-j=ai + — - -j=a 2 - P2, (3.6) 

m 3 = --^=ai + ^ - -^=a 2 + /3 2 , (3.7) 
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where 7711,2,3 are three mass parameters for the fundamental hypermultiplets of the gauge 
theory. With these, we can translate our collision limit in terms of the gauge theory 
parameters: 



mi 



-VSai -> -00, (3.8) 
m 2 = --^ + |-/3 2 , (3.9) 

^3 = -^ + |+/5 2 , (3.10) 

with keeping A oc a\z finite. This is precisely the decoupling limit of single hypermultiplet 
of SU(3) SQCD. 

Let us study the scaling limit of the state \R\) =: z Aint ~ AB - +2aia2+ ~^~ \Ri), where 
Ai n t = a 2 + f3 2 — Q 2 and Ar = Cg + /3| — Q 2 . Here we scale out the overall factor 
z ai ° 2+ 4 to get rid of diverging contribution. The factor arises because the contribution 
of the state \R\) = (z)| V^ 2 (0)) in a conformal block with the internal momentum Ai nt 
behaves as 

|i?l> ~ z^-^-A, ( 1 A . nt) + 0{z) ) (3 n) 

in other words, we work with the chiral vertex operator : Va 2 ~~ ► ^A int , where V is the 
Verma module. This means we expand the state \Ri) in the Verma module for the highest 
weight state |Aj nt ). The power of the overall factor is then 

3n2 

A int - Ai - A 2 = (A int - A R ) + 2aia 2 + (3.12) 

and this factor gives a diverging contribution 2aia 2 in the collision limit — > 00. Thus 
we scale it out by defining the renormalized state \Ri). The finite part c ^ int_AR gives the 
classical contribution to the corresponding instanton partition function. This normalization 
\Ri) = I Ai n t) + (descendants) has been used in the context of the Whittaker-Gaiotto states 



for asymptotically- free gauge theories |20|, [22j, |3l|, p2 |. 



Let us introduce the currents with "positive" modes 

T+{y) := y~ 2 ~ kL ^ w +(y) ■= E y^ kw k- (3.13) 

fc>-l fc>-2 

Then the action of the currents on the state leads to 

T + (y)\Ri) = ( + ^ + -r^ir + ^ ) |*i>, 

\ (y — z) A y z y(y — z)oz y J 
W+(y) Rx) = ^ + -4 + + —± + + — ^ Rt >. 3.14 

V (y - z r y (y - z ) v v - z y 
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This formula follows from OPE's between the current and the primary fields. Here we used 
the fact that the action of L—\ on a primary operator is just the differential d z . W^l is 
the generator acting only on the primary field Vg r We rewrite the right hand side of the 
second equation by using the formulas 

W \Ri) = (w! + w 2 + 2zW (l } + z 2 W { S) \Ri), 



W-x\R x ) = (w^l + zW { }\ + W^fj \Ri), 

W- 2 \Ri) = (W { 21 + W^) (3.15) 



Then we obtain 



. W -' + ^)| fll >. (3.16) 



y 2 (y - z) y 

At first sight, the right hand sides of (|3.l4 ) and ( |3.16| ) seem to diverge in the collision limit. 
To evaluate the limit values correctly, we introduce the following combinations 

T sing ( y ) -.= (dMv)) 2 + (dMv)) 2 , 

W sing (y) :=^((dMy)f - 390i fa) (dfa {y)f) , (3.17) 

where 

0*1(1/) = — + —, dMv) = — + -, (3-18) 

y - z y y- z y 

and Pi = —Q/2. The point is that these combinations remain finite in the collision limit. 
Let us start with computing the contribution of the stress-energy current T + (y)\R\). By 
using T s i ng (y) we can recast it into 



r+(y) -Ri) = T sing (y) + -2 2" - 2 — + — - — Hi 

y (y - z) 2 y 2 y(y - 2) y(y - z) dz 



z A int -A R+2aia2 + ^ / r (y) + ^1 _ - % 

V y \y- z) y 

Wife - ¥ - A int + A R z 9 



+ S \ ~cT~ Ri)- 



_ 4_ 

y(y - z) ' y(y - z) dz 

(3.19) 

Notice that due to the re-normalization of the state, the diverging term is completely 
canceled out from the above expression. Since d(j>\ — > ci/y 2 + co/y and d(p2 — > (fo — Q/ty/y 
in the collision limit, we obtain the following limit value for T + : 



■/ + (//) I ( ^ + ^ + Cl ^t Amt +— ) (3-20) 
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It is immediately obvious from this formula that the irregular state \Ri) is characterized 
by the following conditions: 

L 2 \R 1 ) = c\\R l ), (3.21) 
L^Rx) = 2cqci\Ri}, (3.22) 

L \Ri) = ( c i^ + A mt) \Ri). (3-23) 

Since the AGT dictionary used in |32| implies the parametrization cq = ^■{Q — m 2 — mz) 
and f3 2 = m3 ~ m2 ; it is easy to check that these conditions are actually equal to those in 
|32| |. The dynamical scale there is A = — iy/3ci. 

Let us move on to computation of W+ side. With some algebra, we get 



W\ W 2 

(y - z) 3 y 

2 Q 2 



+ 3^ | a ^~^ Qa ^ + | . (3 . 24 ) 

(y - z) z y (y - z)y z 



We can therefore use this formula to eliminate the terms r^zrhs + ^jr from ( 3.16 ). We can 
also rewrite W_l in the right hand side of ( 3.16j ) into a differential operator. Since the 
generator W—\ acts on the semi-degenerate field as the operator L_i, we obtain 

= z A, n ,-A R+ 2 Q ,«+2?i-l3^ ai(2aia2 + 3|! + Alnt _ Ar + 2 SJ|ft>. (3.25) 
By combining these results, we can recast ( 3.16[ ) into the following form 

w+mEl) _ z .^ + ^ + 

y [y - z) y y J 

where 

Q 2 



P 1 = -4 + 3c \Pi-QP 2 + , ( 

30 2 3 

P 2 = (c 3 - 3Plc )z + 3QP 2 {a 2 z) + -|-(ai*) + -(a^)(A int - A R ). (3.26) 

o Z 

Then, the collision limit of W+(y)\Ri) is obviously finite and the explicit form is 

w+(v)|flO =(w«^(y) + ^ (-3QA + ^f + |(Ato, - A R ) + |d A 

2T y z y J 
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Let us read off the condition for the irregular state from the formula ( |3.27 ). Since the 
collision limit leads to d<f>\ — > co/y + c\jy 2 and d(p 2 ifii — Q/ty/y, the limit value of 
^sing(y) takes the following form 



W sing (y) =v^ ( + 



singVa/ — v I fi i k 



3c c 2 Cl (3c 2 -3(/3 2 -Q/2) 2 ) eg - 3(/3 2 - Q/2) 2 c 



+ 



+ 



(3.28) 



This result implies that the irregular state \Ri) satisfies 



^ 2 V > 
W 2 |^i) = 3^c c 2 |i?i), 
W 3 |^) = ^c?|Si). 

We can rewrite the first condition as 



+ A 



hit 



\Ri) 



WAR,) = t/™L ( Lo+ ct - 3/3 2 + \q 2 ) \Bu 



(3.29) 

(3.30) 
(3.31) 



(3.32) 



Since c 2 , - 3/3| + |Q 2 = |(Q 2 - Q(m 2 + m 3 ) + 2m 2 m 3 ) from (p75[) — (pT7|), the conditions 
( 3.30 ) , ( 3.31 ) and ( |3.32 ) are also exactly the same as those for the generalized Whittaker 



state introduced in [32] with iA = y/3c\: 

ySniA / 3 



Wi\R!) 

W 2 \Ri) 
W 3 \Ri) 



2 

^(iA) 2 
2 

3 ^(iA) 3 
~9 



L + - (2m 2 m 3 - Q(m 2 + m 3 ) + Q 2 ) ) \R X ), 
{Q -m 2 - m 3 )|i?i), 



(3.33) 



It is easy to check that the five conditions ( gjgjj ), (|3~22|) , ( pUP)) , ( fug ) and flO^ ) 
for are consistent with the W3 algebra 3 . Note that the W3 algebra is generated by 
L\ ; 2 and Wi by multiple commutators. Due to the presence of Lq term in ( |3.32| ) the 
commutation relation [L n —i, W%] = (2n — 3)W n implies the non- vanishing eigenvalues of 
W 2 ,W 3 . Furthermore, one should have 



[W 3 ,Wi] 
[W 2 ,Wi] 
These are consistent with 



18 



4-15Q 
18 



2 (L2? 



18 



12 C l' 



15Q 2 



■L\L 2 



4 - 15Q 2 
36 o 

I3W C0Cl - 



0. 



(3.34) 



(3.35) 



3 See Appendix A for our conventions of W3 algebra. 
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3.2 Collision of three punctures: n = 2 

We next compute the collision limit of two simple-type punctures and a single full-type 
one. In view of the result in the Virasoro case we expect that the irregular state from 
the collision of more than two punctures gives rise to an isolated SCFT. In order to work 
out the correspondence with the isolated SCFT coming from the linear quiver theory to 
be discussed in section 5, we will derive the defining condition for the W3 irregular state. 
In the language of the two-dimensional Toda CFT, these three punctures are described by 
the state 



\R 



j) := V &l {z x )V^{z 2 )\V Sz {Q)), a li2 = ( 



Q 

ai,2,-2 



(3.36) 



where 2 are semi-degenerate fields associated with the simple punctures. The collision 
limit of our interest is described by the following scaling limit: 

ai — > 00 for i = 1,2,3, z% — > for i= 1,2,3, 

with fixing a = a.\ + 02 + 03, c\ = a\Z\ + CX2Z2, C2 = a 3 Z\Z 2 finite. (3.37) 

Let us study the action of the W-current on the resulting irregular state by computing 
the scaling limit of the corresponding state: 



W+(y)\R 2 ) 



+ 



w 2 



(y - zi) 3 (y - z 2 ) 3 



+ 



w 3 



+ 



W 



(i) 



+ 



w 



(2) 



w 



(3) 



(y - z\) 2 (y - Z2) 



+ 



+ 



w 



(i) 



+ 



y-zi y- z 2 



\R 2 ). 
(3.38) 



Note that the computation of the action of the energy- momentum tensor T + (y) is com- 
pletely parallel to that of Liouville theory that was reviewed in section 2.2. As we did in 
the case of n = 1, we can rewrite the second line of the right hand side as 



(2y Zl -zl)W^l {2yz2-zl)W^> W- X W. 



(2) 



Second Line 



+ 



y 2 (y - zi) 2 

Z\W^2 



+ 



y 2 (y - Z2) 2 



+ 



+ 



ztwn 



+ 



y 2 {y-z\) y 2 (y-z 2 ) 



S(y). 



(i) 

In order to eliminate W_ 2 ^ which does not act as an differential operator, we use 



(3.39) 



W Q \R 2 



Wl + W2 + w 3 + 2 Z1 W { }1 + 2z 2 W^{ + z(W^ + z^W_ 



(2) 



r(l) 



r(2) 



\R2 



W 1 \R 2 ) = ( 3z lWl + 3z 2 w 2 + SzfW^I + -izlW {2 \ + z\W^\ + z\W^f] \R 2 ). 



(3.40) 
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Then we can rewrite the the above equation S(y) as 

, W-2 , W_i , {y-z x - z 2 )W Wi 



y y 2 y 2 (y - zi)(y - z 2 ) y 2 (y - z x )(y - z 2 ) 

y-2zi + z 2 )wi + (-y + z\ - 2z 2 )w 2 + (-y + zi + z 2 )w 3 



y 2 (y - z\)(y - z 2 ) 
y 2 (y - zi) 2 (y - z 2 ) y 2 (y - zi)(y - z 2 ) 2 ' 

To get rid of the classical contribution to take the scaling limit, we introduce I-R2) &s 

\R 2 ) = z 2aia3 zl a2a3 ( Zl - z 2 ) 2aia2 \R 2 ). (3.42) 



This is the same as the Virasoro case [^] . We should mention that there exists an ambiguity 
in the choice of this prefactor. This choice will affect the overall factor C of the normalized 
state and the resulting irregular state as follows: 

\R 2 ) =C(c i )|A) + --- . (3.43) 

The correct choice of the normalization must be fixed, for example, so that the scalar 
products of the irregular states can reproduce the Nekrasov partition functions of the 
corresponding isolated SCFT's. However, it is not clear that what is a correct definition 
of the Nekrasov partition function of such SCFT in general. Hence, in the following we 
assume that the choice in [ |l~2j | works also for W3 case. 

Let us move on to the computation of the limit value of the normalized state with the 

— (1 2) 

W- action W+\R 2 ). By using the explicit action of generators W_{ , which is a differential 



operator on \R 2 ), we obtain the following expression for the last line of (3.41) 



z!(zi - z 2 )W^l , z 2 (z 2 - Zl )W {2 l \ 

H T7 w \TT -n-2 



y 2 (y - zi) 2 (y - z 2 ) y 2 (y - z x )(y - z 2 ) 2 



( 3ziai(zi — z 2 )z\d Zx 3z 2 a 2 (z 2 — zi)z 2 d Z2 



~ X 2 11 2) \2y 2 (y-z 1 ) 2 (y-z 2 ) + 2y 2 (y - Zl )(y - z 2 ) 2 
| 3af« 3 zi(zi - z 2 ) + 3a\a 2 z\ | 3ala 3 z 2 (z 2 ~ z{) + 3a 2 2 a x z\ \ ~ 
V 2 (y ~ zi) 2 (y - z 2 ) y 2 (y - zi)(y - z 2 ) 2 ) 2 ' 

In the scaling limit these terms become 

3ziai(zi - z 2 )zid Zl + 3z 2 a 2 (z 2 - z x )z 2 d Z2 _^ 3cic 2 d ci + 3c|(9 C2 + 3c^9 Cl ^ 
2y 2 (y - zi) 2 (y - z 2 ) 2y 2 (y - zi)(y - z 2 ) 2 y 5 2y 6 

and we can also easily evaluate the limit values of the remaining terms in ( |3.41| ) only with 
a little algebra. 

To derive the limit value of the first line of (3.38), let us introduce W s - mg (y) for the 
case n = 2 as follows: 

d<t>i(y) = + + — > d<hw = + + — • ( 3 - 46 ) 

y - zi y - z 2 y y - z\ y - z 2 y 
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The definition of W S ing in terms of d<pi is precisely the same as the case of n = 1. Notice 
that since the primary fields Vi >2 are now semi-degenerate, we set (3 := f3\ = @2 = — 2 • 
With some algebra we can show 

w ( \ YH ■ ^ ■ "3 . fcUv^m^ + BUW)), 

W sing {y) = -3 + -3 + — + 2? W ^2 > ( 3 - 47 ) 

{y - zi) {y - z v y y {y - z\) \y - z 2 Y 

Using this equation, we can recast the first line of ( |3.38 ) in the function of W S in g , AW and 



The coefficient polynomials A® and are given by 
+ jg(°) = ^ a 3 - Wl -w 2 -w 3 - 3^a(/3 3 + 2/3) 2 , 

/— / / n n 2 2 \ 

= 3vM z\ [— a\a 2 — a\a 3 — 2a2<x 3 — 2a 2 «3 — 2a\a.20L 3 ) 

( 2 2 2 2 \ \ 

— a.2a\ — ol20l 3 — 2ai« 3 ~~ 2a 1 «3 — < la\a20Lj > ) J , 

= v^i (3ai/3 2 - 6a 2 /3 2 - 6a 3 /3 3 2 + 6«(/3 3 + /3)(/3 3 + 2/3) - 3zx(/3 3 + 2/3 2 ) 2 ) |(lH2), 

= 3 V / K^ 2 a2a3(a2 + 03) + z\a\a 3 (a\ + 03) + 2zi2: 2 a 3 («i«2 + «i«3 + «2«3) j , 

= ^(z 2 (-6ai^ 2 + 3a 2 /3 2 + 3a 3/ #I - 6a/3/? 3 + 3«i(3/3 2 + 2/3^ 3 + /?!)) + ( 1 o 2) , 

+ ^ 2 (9a 3 (3l - a 3 (3/3 3 2 + 18/3/3 3 + 6/3 2 ) - 6a/3 3 (/3 3 + /?))), 

= -3\fKZiz 2 al (a\Z2 + a 2 zi) , 

^(z\z2 (6ai/3 2 - 3a 2 /3 2 - 3a 3 /3| + 3ai(3/3 2 - /3f) + 3a(/3| - /3 2 ) + 3a 3 (2/3/3 3 - /3 2 )) 

+ (lH2) + 3^22(21^ + z 2 a 2 )(3/3 2 -/3 2 )). (3.48) 



bC 1 
A( 

A( 3 

S (3 



It is not so hard to take the scaling limit of these polynomials. So the remaining task is 
the evaluation of the limit of the term W s \ ng {y). The limit of dfa are easily evaluated as 

a ; 1 \ c ci c 2 , . /?3 + 2/3 

<9<My) = — + -0 + ^r, d(p2{y) = , (3-49) 

y y y 6 y 

and by substituting them into the definition equation of W S i ng (y), we can show that Wging 
takes the following form in the collision limit: 

W M - , 3^01^ 3-^02(020) + cf) ^(6000102 + cf) 

•^singlyj — 9 + g + 7 + g 



3^(c 2 c 2 + C 2 C o-c 2 (/3 3 + 2/3) 2 ) 3^ci (i; 2 - (/3 3 + 2/3) 2 ) ^(c 2 , - 3(/3 3 + 2/3) 2 ) 



+ - — 5 '- + - 3 ^+ 3 



(3.50) 



Now that we have the limit value of all terms of the right hand side of ( p. 38 ), we 
can rewrite down the explicit form of W+|i? 2 ) in the collision limit. We introduce |I 2 ) ■= 
lim co ni S ion I-R2) to distinguish between before and after the limit. By substituting the above 
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results into fl3.38|) , we obtain the generating function of the irregular state condition for 
\h): 

W + {y)\I 2 ) = ( + ^- + — + — 

V y yZ yd y 4 

r 3c\c 2 + 3c c 2 - 3(/3| + 5/3 2 )c 2 + 3 Cl c 2 d cl + 3c 2 2 d C2 



y 5 

r- 6c cic 2 + cf + 3c\d Cl /2 ^3c c| + 3cfc 2 ^3cic| d] \ 

+ V K 15 £ 1" V K ^7 i 1" V K 5^ + V K "4 ^2/- 

y y y y ' 

(3.51) 

This equation imposes the non-zero irregular state conditions on IJ2) for the generators 
Wn =2 ,3,...,6 

W 2 |7 2 ) = (3cgc 2 + 3c c 2 - 3(/3 3 2 + 5/3 2 )c 2 + 3 Cl c 2 d Cl + 3c|<9 C2 ) |/ 2 ), 
W 3 |I 2 ) = ^ (6c c lC2 + cf + 3cjd Cl /2) \I 2 ), 
Wi\I 2 ) = ^ (3c c| + 3c? c 2 ) |/ 2 ), 
W 5 |/ 2 } = \/^3c 1 ci|/ 2 ) ; 

W 6 |7 2 ) = v^ci|/ 2 ). (3.52) 

Note that \I 2 ) is annihilated by the higher modes W n >e- The conditions for the Virasoro 
generators L n are completely the same as those of the Liouville theory. Once one fixes 
the ansatz for the irregular state \I 2 ) = C(cj)|A) + • • • , we can use these irregular state 
conditions to determine the irregular state explicitly. 

3.3 Collision of general n + 1 punctures 

The computation in the previous subsections is generalized to the case of n + 1 punctures. 
We consider here the collision limit of n simple-type punctures and a full-type one. In A 2 
Toda CFT, the state with these punctures is defined as 

\R n ) :=V dl (z l )---V dn (z n )\V dn+1 (0)), (3.53) 

where , • • • , V$ n correspond to simple punctures and V$ n+1 corresponds to a full punc- 
ture. This means that the momenta of these vertex operators satisfy <3j = (a^, —Q/2) for 
i = 1, ... ,n and <3 n +i = (a ra +i, f3 n +i)- The collision limit of our interest is the following 
scaling limit: 

oti — > 00 , Zi — > , (3.54) 



with their combinations given in (2.17) kept finite: 

c p = (-1) P EU E z ii"' z iX ( 3 - 55 ) 

i=l \ l<ji<---<j P <n / 
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The action of the "positive" W-current ( 3.13 ) on the state ( 3.53 ) is 



n+l 



W + (y)\R n ) = J2 



+ 



W 



Li) 



+ 



W 



(?) 



\Rn), 



(3.56) 



~l\(y- z j) 3 (y~ z j) 2 y- 

where we set z n+ \ = 0. Note that Vs (i = 1, . . . , n) satisfies the degenerate condition 

W$\R n ) = ^LW\R n ), (3.57) 
where the conformal weights are 



3 

Aj = of - -Q 2 , w, 



! - - V^i - ^<5 2 ^) (for i = 1, . . . , re), 

A n +1 = «n+l + ~ ^ ' ^+1 = V^«n+1 («n+l ~ 3 ^n+l) ■ ( 3 - 58 ) 



Then the coefficients ioi, . . . , u> ra +i and the eigenvalues of W_}, ■ ■ ■ , wl™'* are the functions 
of these conformal weights. The remaining eigenvalues of wl" +1 ^ and W_Jj (j = 1, ■ • ■ , n+l) 
can be written in terms of those of W p (p > —2). By comparing Q3.13| ) and ( |3.56| ) in the 
collision limit, or y S> Zi, we can read off the eigenvalues of W p as 



W p \R n ) 



-(p+l)(p + 2)z p jWj + {p + 2)z? +1 wi j l + zf 2 W% ) \Rn) 



(3.59) 



then the remaining eigenvalues can be written in terms of those of W p (p = —2, . . . , n — 1): 



n-l 



wHllRn) = M hp W p \R n ) (for % = 1, . . . , 

p=0 

n-l 

w[ n 2 +1) \R n ) = W- 2 \Rn) + ^2M n+lj ,W p \R n ), 

p=0 
n-l 

W^ l) \Rn) = W-l\Rn) + Y, M n+2, P W P \Rn), 



n 



(3.60) 



p=0 



where 



n+l 



Mi. 



W p - £(p + 2)zT V« - £ i(p + l)(p + 2) 
i=i 



v 



3=1 



A I, 



n+l,p 



z i Tljjti( z j — z i 
(-1)P+1 



Z J1 ' ' ' Z jn-p-l 



(for z = 1, . . . , re) 



1<J1<— <in-p-l<« 
hi—tin-p-V^. 



nr=i ^ 2 



^ zJJ (where ri H h = n — p — 1) , 



l<Jl<— <jk<n 
ri,...,r fe =l,2 



n+2,p 



(-1) P+1 

rrn ^ *n ' ' ' z jn-r i • 

Ui=l » l<j 1 <...< Jn _ p _ 1 <n 



(3.61) 
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Now we take the limit ( 3,54 ). In order to make the discussion clearer, we divide the 
action of W-current ( p. 56 ) into three parts by using the relations in (3.60): 



jj=-2 y i=l y j=l y 

: [W^ + W^ + wP)\R n ), 



W+\R n ) 



where £ p , £j and Xj are the functions of y and Z\. 

First we read off the coefficients of W p terms (p = — 2, . . . , n — 1) as 



(3.62) 



wl A) \R n ) 



(3.63) 



where 



I 



n— p— 1 



P — rrn 



nr=i(f - * 



E E (-*)% 



z u ■ y 



n—q 



(3.64) 



9=0 l<ji <■■■<?„<« 

Then in the limit ( |3.54 ), this becomes 

n-l 



p=-2 



(3.65) 



Next we can similarly read off the coefficients of W_l terms (i = 1, . . . , n) as 



z i 2 Y\j^i( z i ~ z j 



W ( B )\ R \ - V - ii^f? ^ t^(0ip \ 
where j = 1, . . . , n. By using the degenerate condition ( |3.57 ) for W_), we find 



(3.66) 



W { l\\R n ) = -^ ai —\R n ) 



Let us here redefine the state 

\Rn) 



H {z i -z J f a ^\R r , 
l<£<i<n+l 



(3.67) 



(3.68) 



just as in (fUD for n = 2. As we commented there, there is a subtlety in the choice 
of overall factor. We will argue this issue in section |6|, and here we assume that this 
normalization properly works. After this redefinition, we divide fl3.66| ) into two parts as 



W^\R n ) = ^£ 



2 ^y 2 (y - z i)I\l=i(y - z k)\d 



f>? : + E 



2a,- a 



t 3 



l<J<n+l 



Z{ Zj 



\Rn) 



WI B1) + WI B2) ) \Rn) 



(3.69) 
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Finally, the coefficients of Wi terms (i = l,...,n + l) can be read off as 

^ '*•> = »tb.,(»-*) S ^ lil~ +2+ ^r w 

+ ?ufe&"'" +llS> (3 - 70) 

where wi and u> n +i are given in Q3.58[ ). 

In order to take the limit fl3-54p of these terms, we should note that 



\{{z i - Zj ).a i =Y J c P zr p , ^=^E^^=E c ?^' ( 3 - 71 ) 

l<j<n p=0 p=0 * p=l 1 



for i = 1, . . . , n, where 



c« :=(-!)*> £ U £ ^V^-J- ( 3 - 72 ) 



l<7<n+l V l<j'i<-<j p -i<n / 
Therefore, in the limit fl3,54|) , the terms including the differentials in ( |3.69| ) become 

o r~ n n n (i) n -q a 

n n g-p o 

z y p=lq=0r=0 y oc p 



and the remaining terms become 



y \Q<p,g,r<n y / 



p+(j+r>n ^ ^\ 



To summarize, by putting the results ( [3.65| ), ( |3.73| ) and ( 3.7^ ) together, we obtain the 
final form: 

\p=-2 y q=n y 

where 

E (rrferb + E ^£-W3*<*« +*»<»+»»'>. 

0<r<s<t<n v r ' s s,t; 0<r<s<n r,s 1 

r+s+t=q t=r+s-q>l 

(g<2n-l) (3.76) 
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Therefore, we can clearly see that the irregular state \R n ) is a simultaneous eigenstate of 
W2n, ■ ■ ■ , Wsn, the actions of W n , . . . , W2 n -i on it are given by the first order differential 
operators, and it is annihilated by the higher modes Wk>3 n - However, the actions of 
Wo, W\, . . . , W n -i on the state cannot be found out in our discussion. Presumably this is 
because in this article we mainly use the information of W3 Ward identities and do not 
look at the internal momentum dependence carefully. We may miss necessary information 
to determine the resulting irregular state. To make the derivation of the irregular state 
complete, we have to deal with the collision limit more precisely by taking the internal 
channel into account. 



4. Isolated SCFT with 5*7(2) flavor symmetry 

The CFT computations in the previous sections were performed only locally. Namely we 
considered the collision of the punctures on the open disk around the origin. In order 
to look at the corresponding M = 2 theories on the gauge theory side, we should add a 
point at infinity to obtain the Riemann sphere, on which the compactification of the six- 
dimensional N = (2, 0) theory is made. The compactification on Co )n +2 with a particular 
marking gives a (UV superconformal) linear quiver gauge theory with n — 1 gauge group 
factors. Thus the colliding limit of several (regular) punctures on the CFT side corresponds 
to an appropriate scaling limit of linear quiver gauge theories. 

At a particular locus on the Coulomb branch of N = 2 gauge theory where mutually 
non-local particles become massless, it is known that the theory is an interacting SCFT ||. 
This kind of special points has been found in various papers [Q, [|, 41, 42, 43 1. Also the 



possible classification was discussed in p4| [45|, 4£ , E7|] . We then expect that the colliding 



limit considered on the CFT side is the same as the limit which leads the quiver gauge 
theory into the nontrivial fixed point. In this section, we illustrate this idea by showing how 
SU(2) linear quiver gauge theory gives the isolated SCFT with an SU(2) flavor symmetry, 
whose irregular states have been introduced in |Tl| . In the next section, we will apply a 
similar procedure to St/(3) linear quiver gauge theory to obtain isolated SCFT's with an 
5*7(3) flavor symmetry. 

We focus on the colliding limit of n + 1 regular punctures at the origin while fixing a 
regular puncture at infinity. In the gauge theory view point, this corresponds to the scaling 
limit to the Argyres-Douglas (AD) fixed points of the linear quiver gauge theory: 

2 - 5*7(2) - 5*7(2) 5*7(2) -2, (4.1) 



n-l 



where each 5*7(2) represents an 5*7(2) vector multiplet and the number attached to the 



left or right of the quiver is the number of the fundamentals. In section 4.1, we will show 
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that the maximal conformal point of this quiver is indeed the W(^4i, Co,l,{n+l}) theory. 
Note that this theory can be also obtained as the maximal conformal point of SO(4n) 
SYM theory (thus it is called as Dm theory) or of SU(2n — 1) gauge theory with two 
flavors g§]. The Seiberg-Witten curve of (the relevant deformation of) this SCFT is 
given by 



x 



2 



1 c n c x cq v 1 v n m 



2 



+ Un +•••+ 1 + u + 1 +... + 2L + -. (4.2) 

w— • 1 - y;2n+l w n+3 w n+2 njn+1 w 3 w 2 

The parameters v% and Cj (i = 1, . . . , n— 1) are, respectively, the VEV's of the relevant defor- 
mation operators Vi and their corresponding couplings, which are added to the Lagrangian 
by 5C = Y^i J d 2 8id 2 92CiVi. On the other hand, cq is the mass parameter associated with 
the U(l) global symmetry. The deformation parameters appearing in the Seiberg-Witten 
curve are always classified in these three types. 

We also note that it is also possible to get the W(Ai, C ^^ n+ iy) theory starting from 
a different linear quiver: 

1 - SU(2) - 5*7(2) SU(2) -2. (4.3) 



n-l 



In other words, the maximal conformal points of the quivers (4/1) and (^^) are equivalent. 
In the case with n = 2, this was found in pj. 

There is another class of isolated SCFT's W(Ai, C 1 j n+ i}). One can show that this 
can be obtained as a sub maximal conformal point of the linear quiver However in 



section 4.2, we will look at a different quiver 

SU(2) - SU(2) SU(2)-2. (4.4) 



n-l 

and show that W(j4i, C q 1 | n+ i j.) is the maximal conformal point of it. While this class of 
SCFT's may not be related with the irregular states constructed by the collision limit in 
section ^, we will study this for completeness. Notice however that an explicit expression 
of the state has been obtained in [11]. 



Let us first write down the Seiberg-Witten curve of the linear quiver ( [4.1[ ). We denote 
the mass parameters of the hypermultiplets on the left of SU{2)\ and on the right of 
SU(2) n ^i as m3 5 4 and mi 2 respectively. We will define m± = (mi ± m-2)/2 and m± = 
(7713 ± 777.4) /2- We also denote the mass parameters of the bifundamentals as rhi (i = 
1, . . . ,n — 2) where the first bifundamental with mass rhi is coupled to 5f7(2)i and 5*7(2)2, 
and so on. 

Since each SU(2)i (i = l,...,n — 1) gauge group is UV superconformal, there are 
77 — I gauge coupling constants qi. Finally we denote the Coulomb moduli parameters as 
m (i = 1, ... ,77 - 1). 
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The M-theory curve can be written as [|], fijj 

71-1 

(v + mi)(v + m 2 )t n+l + ^2d(v 2 + MiV - m)f + C(v -m 3 - m)(v - m A - rh) = 0,(4.5) 

i=i 

where Cj and C are constants which depend on the coupling constants qi, and rh : = 
Yli=i i s the sum °f an the bifundamental mass parameters. From the type IIA brane 
configuration, it is reasonable to have the overall shifts by rh in the last term. Mi are 
unknown constants which will be fixed later. We can rewrite the curve as 

n 

IJ(t-ti) -v 2 + X(t)v + Y(t) =0, (4.6) 
i=i 

where we have defined t{ such that 

n n— 1 

Y[(t-t i )=r + 52C j 1? + C (4.7) 

i=l j=l 



and 



n-l 



= 2m + t n + CiMif - 2C(m+ + rh), 
i=l 

n-l 

F (£) = ( m ^_ _ m 2 ) t n _ ^ + C ( m3 + ft) ( m4 + ^) _ ( 4 8 ) 

i=l 

Note that C = niLi( — By shifting i? to absorb the linear term and defining v = xt, we 

get 

2 ( X(t) \ 2 Y(t) , . 

The Seiberg-Witten differential in this coordinate is Asw = xdt. It is possible to choose 
Mi in X such that the terms in the parenthesis become 

n-l 



"H gjmj-i t n rh + 



; \ + . " r . 4.10 



Then, after some algebra, we obtain 

{(m + + m + + m_ + m) 2 - m 2 jf 1 " 1 + Ya=i Cmf" 1 



x 



(4.11) 



tYYU(t-u) 

where U{ = Ui + ■ ■ ■ . It is easy to see that the differential Agw — xdt has poles at t — 0, t n , 
ti,t\ and oo whose residues are m_, m+, mj_i, m + and m_. This curve is a double cover 
of the sphere with n + 2 regular punctures. We are free to fix one of ti, so we fix ti = 1. 
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4.1 W(Ai,C7o )lj{n+ i}) theory 

We now consider the maximal degeneration limit of the Seiberg-Witten curve ( plD , which 



corresponds to the maximal conformal fixed point. First of all, let us observe that the curve 
fl4.ll ) can be rewritten as 



-a - f 2n ® (A 12) 

where f2n(t) = m 2 _t 2n + • • • + C 2 m 2 . This implies that the branch points of the curve are 
at the roots of the 2n-th polynomial fin- The genus is n — 1 agreeing with the number of 
the Coulomb moduli. 

Since we have 2n parameters, m_, m+, thi, m+ and Uj, the branch cuts can be tuned 
to be scaled as (Cfh_) l l n as Cm_ — V oo. As we will soon see below, this corresponds to 
the maximal degeneration point of the curve. In order to focus on this point, we set the 
coordinate t as t = (Crh-) a w (a > 0). By this, we still have a curve of the same genus 
n — 1. By substituting this into ( |4.12j) , we get 

-.2 H h Atr.fh \2na~ n 2n+2 J 11 ( 1 (r.fh \a,„ I ' ' ^ 



^ 2 



Note that we have multiplied the r.h.s. by (Cm_) 2a since we are considering the quadratic 
differential x 2 (dt) 2 . Note also that the l/u; 2n+2 term is the highest one such that the curve 
is of genus n — 1. This determines a = 1/n. 

n = 2 case 

In order to illustrate how we can take this limit more precisely, let us first consider n = 2 
case. The original gauge theory is simply SU(2) with four flavors where mi, m^, and 
?7i4 are the mass parameters of hypers, u is the Coulomb moduli. In this case the curve is 

9 / m+ fh + fh\ 2 |(rfi_ + fh + + m + ) 2 — m 2 \t + u 

* 2 = (fzt + ^ + -J t(t -in,-,) ■ <" 4 » 

The Seiberg-Witten differential has three poles at t = 0, q, 1 and oo with residues m_, 
m_|_, m+ and m_ respectively. Note that C = q in this case. 

It is useful to rewrite the terms in the r.h.s. of the parenthesis in ( 4.14| ) as 

, 92 ^ r, (4.15) 

t(t-i)(t- q y v 1 

where gi is 

52 (i) = (fh- + + rn + )t 2 — ((1 + g)m_ + fh + + qm + )t + qrh-. (4-16) 

We now consider the limit where the punctures at t = q and t = 1 collide to the one at 
t = while the puncture at t = oo is fixed. This means that we fix the mass parameter m_ . 
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Then we want to find the limit by scaling m_, m+, m + and u such that the Seiberg-Witten 
curve maximally degenerates. At the same time, we have to scale the local coordinate of 
the sphere t as t = (gm_) 1 / 2 io, as we noticed above. Let us first consider the first term in 



the r.h.s. of ( 4.1 4| ) . This can be written as 

I «W W t !— V7l "—\\ («7) 

\(qrh-)w 3 J \ [qui _) 1 1 2 w J \ (qm_) 1 / 2 w J 

Again notice that we have multiplied the r.h.s. by the overall factor gm_. Thus, we demand 
that these are finite in the limit Cm_ — > oo. This fixes that 

m- + m+ + m + = : c , qj — + ± =: c u (4.18) 

which completely determine the scaling of m+ and rh + . Thus we get 

w w z ur J 

Notice that it is impossible to have higher order terms in w with keeping all the terms finite. 
(If possible, the genus of the curve could be greater than that of the original quiver.) 

Then, we consider the last term in the r.h.s. of ( |4. 14j ) . The first term stays finite 
combining with ( m -+™-\-+ m +) coming from ( |4.19| ), and the second term is expanded as 
— ™!/2 w 3 + • • • • It is impossible to have the higher order finite terms and therefore the 
scaling of u is 

u = -(qrh_) 1/2 v. (4.20) 
These fix the scaling of all the parameters and finally we get 

x 2 = ( 1 , c i , c oV 4-m 2 _ | y 
\uj3 W 2 w J w 2 w 3 

1 2ci 2c + C? V + 2ciCn m 2 _ 

which is the Seiberg-Witten curve of the W(Ai, C 0) i /31.) theory. 

Note that we treated the first and second terms in ( [4.14 ) separately, when we considered 



the limit. Indeed, this is the only way to produce the most singular pole at t = 0. On 
the CFT side, we may focus only on the limit of the external momenta and the complex 
structures which is the same as the one (14.18 ) where the first term in ( [1. 14 ) is finite. The 



CFT side is implicit for the variable corresponding to the Coulomb moduli. 
Generic n 

We now consider the limit where n regular punctures collide to the one at t = 0. We fix 
the puncture at t = 00 with residue m_ unchanged. As in the n = 2 case, let us focus on 
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the terms in the parenthesis in the r.h.s. of (|4.11| ) which can be written as 

9n< ^> (a 22) 

where g n is an n-th polynomial: 

n— 1 

9n = c t" + ^ n "' + Cm- . (4.23) 

i=l 

We have defined 

Co = m+ + rh + m, (4.24) 

n-1 

ci = — tx(rh- + m + + rh) — ti(rh + + m_ + m + + m — rhi-i) — t n (rh- + m + + m), 

i=2 

and so on. Note that /2 n = + • • • . By scaling the coordinate t = (Crh-) 1 ' n w, the first 
term in the r.h.s. of (4.11) is 



Thus, we keep 



c ™ 1 c- 1 \ 2 

w + £ (Cm.)^ 1 + w n+1 J ' < ' 4 ' 25 ' ) 



C ° ^ (Cm.)*/" =: ^ (426) 



finite, where i = 1, . . . , n — 1. Finally, by appropriately scaling Uj (i = 1, . . . , n — 1), we get 
from the last term in ( |4.11 ) 



'' n +- + z£r- (4-27) 



w 3 w n+1 



By combining these altogether, we obtain 



x 2 



Tl — 1 \ ^ TL—\ 

1 , sr^ ^ Co c - m± s-^. v r , 



1 , V _TL_ 4. r£ _ °° ~ " - . V W ~ J " C4 
„n+l ,„i+l ^ ,„ ,„2 ^ ,,,.7+2 > y*-* ) 



which is the Seiberg-Witten curve of the W(A±, C 0i i/ n+ u) theory, a double cover of a 
sphere with one irregular puncture at t = of degree n + 1 and one regular puncture at 
t = oo. The residues of them are Co and m_ respectively. 

4.2 W(i4i,C7 0)lj{n+ i } ) theory 

As we commented, it is possible to obtain the W{A\, C x { n+ iy) theory as a sub maximal 
conformal point of the same quiver ( |4.1| ). Instead of doing so, we will proceed two steps 
here: we obtain the curve of the reduced quiver ( [4.4|) and then consider the maximal 
conformal point of it. 
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The first step can be done similarly to the calculation in the previous section. The 
Seiberg-Witten curve of the quiver (|0|) is 



;r 2 



m+ ^mi_i\ {m + + m) 2 -ml A 2 EfcTi 1 



We will set t\ as ii = 1 below. Note that it is possible to obtain this curve from ( 4.13j ) by 



taking the limit decoupling the massive flavors: the collision of two punctures at t = and 
t n giving the irregular puncture at t = 0. 
The curve can be rewritten as 



2 = fj^it) 

where 

f 2n _ l = m lt 2n - 1 + --- + (Ckf. (4.31) 

The branch points are at the roots of the (2n — l)-th polynomial /2n-i and at t = 0. Thus 
the genus is n — 1. 

In order to obtain the maximal conformal point of this quiver, we take the limit 

(CA) —7- oo, as in the previous subsection. In this limit, the branch cuts are at t = and 

i 

at t = 0((CA) 2"- 1 ). In order to focus on the physics around the latter region, we scale 
the coordinate as t = (CA) a w with a > 0. Note that the resulting Seiberg-Witten curve 
should be of genus n. It follows that the curve is written as 



x 2 



/ 2 n—1 a n— 1 

777 _ ^ — -v V rL —j i ^ — -v C{ 

+ 2_, [CK) ia w i+2 + (CA)( n + i - 1 ) a w"+ i + 1 

+ VnVi M~ a (4 32) 

(CA)(2n-l)a^2n+l ^ 11 ^ (CA)*W J ' 1 ' 

where ?5j and Cj are combinations of the mass parameters and the Coulomb moduli. It 
follows from the genus of the curve is n — 1 that a = 2 2 _ 1 . Then, it is possible to keep the 
combinations 

: "n-i, 777irSzjZTT n =■ d ( 4 - 33 ) 



(CA) ia ' (CAY n+i ^ 
finite. Thus, the resulting curve is 

2 n—1 n—1 



x 2 = ^ + yHnzl + y + _J_ . (4.34) 



-1 i=l 
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n = 2 case 

For illustration of the limit we consider the case of n = 2. Namely, the SU(2) gauge theory 
with two flavors scaling to the W(Ai,C 01 ^5y) theory as the maximal conformal point. 
The curve in this case is 

2 m\ m\ — m 2 A 2 u 

x = JT^Tf £2 + W~ t 2 (t-i) ( ' 

We can rewrite this as 

2 = hit) 

where 

f 3 (t) = m 2 _t 3 + (2m\ - 2ml -u + A 2 )t 2 + (-m+ + m 2 _ + u - 2k 2 )t + A 2 . (4.37) 

In order to get the maximal conformal point, we scale t = (—A) 2 / 3 where C = — 1 with 
the following combinations being fixed 

2m 2 , - 2m? - u + A 2 -m\ + m? + u - 2A 2 

(-A> =■■"' (-A)V. = :C - < 438 » 

Note that this prescription of the limit is slightly different from the on in the N = 2n case 
where we consider the limit of the terms separately. The solution is 

m 2 + = A 2 + (_A) 4 /3 c+ (_ A) 2/3^ u = 3A 2 + 2(-A) 4 / 3 c+(-A) 2 / 3 t>. (4.39) 
Therefore, we get the curve 



o m 2 v c 1 

"= — + — + — + — 440 

W A W H yjl yjO 



which is one of the W(A±,C 1 ^By) theories. 

5. Isolated SCFT with SU(3) flavor symmetry 

Now we consider the isolated SCFT with an SU(3) flavor symmetry by generalizing the 
argument in the previous section. Recently, such kind of SCFT's has been found by string 
theory consideration ||, the BPS quiver method |5(| (see also |5l], |52|]) and the correspon- 



dence with the Hitchin system and 3d mirror symmetry [53, [54| (see also |55|| ). These are 
generalizations of the one first found in §, ||] as an IR fixed point of SU(3) SQCD. 

The W3 irregular states constructed in section || indicate that there should be a series of 
SCFT's, W(A2, C i { n y) theory, associated with C ^ ^ n j, where the degree of the irregular 
puncture is counted with respect to the Seiberg-Witten differential. In section 5J, we 



find they arise from SU(3) linear quiver gauge theories as a nontrivial IR fixed point on 



the Coulomb branch. In section 5.2, we study isolated SCFT's from other quiver gauge 



theories, though the relation with the two-dimensional CFT is not clear. In section 5.3, we 
compare the W(j42, Co,i,{n}) theories with the ones studied in [50]. 
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5.1 W{A 2 ,C oMn+1} ) theory 

Let us first consider the SU(3) n ~ 1 gauge theory with 3 + 3 fundamental hypermultiplets 

3 - £17(3) - £77(3) SU(3) - 3. (5.1) 



n-l 



The following computation goes in parallel with section 4.1. The M-theory curve is 



n-l 



H (v + m a )-t n + Y,Ci(v 3 + P iV 2 + Q i v + R i )t i + C \[ (v - (m b + m)) = 0, (5.2) 

a=l,2,3 i=l 6=4,5,6 

where m is the sum of bifundamental mass parameters rhj (J = 1, . . . , n — 2), and Pj, Qi 
and i?j are functions of them and the Coulomb moduli. Cj and C are determined by the 
positions of punctures t = ti (i = 1, . . . , n) in the same way as (|4.7|) . Then we can rewrite 
Q as 

n 

- ti) • + X(t)w 2 + K(t)« + Z(t) = 0, (5.3) 

i=l 

where 

n-l 



= 3m+t n + ^ CiPit* - 3C(m+ + m), 
i=i 

n-l 

Y(t) = M 2 t n + J] dQif + CM 2 , 
i=i 

n-l 

Z(t) = mim 2 m 3 f + V] CiRrf 1 - C(m 4 + m)(m 5 + m)(m 6 + m) . (5.4) 
i=l 

Here we define m + = |(mi + m2 + m^), m + = 3(777.4 + 7775 + me), and 

M 2 = rriirrij , M 2 = (mj + rh){mj + m) . (5-5) 

l<*<j<3 4<«<j'<6 

By shifting 7; to eliminate the t> 2 terms and defining x := u/i, we obtain 

x 3 + (/> (2) (t)x + (3) (t) = 0. (5.6) 

The quadratic and the cubic differentials, 4>^ and (f)^ , are 

X \ 2 Y 



^^ Uri^-*,) ) + iro^y (5 - 7) 

^nO^yJ "3t 3 nr=i(*-^) 2 + * 3 nr=i(*-^)' (5 ' 8) 

In the following, we set ti = 1 and 1 > t 2 > ■ ■ ■ > t n > 0. 
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We demand that the Seiberg-Witten differential Asw = xdt has a regular pole of 
simple type at t = 1 with residue (2m + , — m + , — m + ). Similarly, there are poles of the 
same type at t = t%, . . . , t n , and their residues must be of the same form with m + replaced 
by mi, . . . ,m n ^2 or m+, respectively. This means that X(t) satisfies 

X(t) _ m + ^ tjrhj-i t n m + 

i + 2^ t (t-u) + t(t-u)' [ ' 



3*n?=i(*-ti) t-i f^Kt-tj) t(t-t n ) 



which determines P,; as 
3 

a 



l<pi<---<p„-i<n 

x (jn+(l - S pu i) - - rh + 6 Pn _ itn ) .(5.10) 

Then, after some algebra, we can write the quadratic differential (f>.7\) as 



where e := m + + m_ + m, 

V 2 = M 2 + 6m + e + 3e 2 , uf ] = Qj + 2Pje + 3e 2 , (5.12) 

and also we defined 

—3m 2 =: — 3m5j_ + mjmj = M 2 — 3(771+ + rh) 2 , (5.13) 

4<i<j<6 

Note that the m 2 . depends only on 777,4, 7715 and rag. Similarly, the cubic differential (| 
can be rewritten as 



■n—l f~i 

■ - — ;,7„; :: j , . — (5-i4) 



V 4 v 3 t n + Y"Zl c ]U fp + CM 3 



where 



V 3 = m 1 m 2 m 3 - 3m + e 2 - 2e 3 , uf ] = Rj - Pje 2 - 2e 3 , 

v 4 = ~x(t) (v^- 1 + J2 c i u ? j = -m+^t 2 " -1 + • • • , 

M3 = — (7714 + m)(m5 + m)(m§ + rh) + 3(777+ + m)e 2 — 2e 3 . (5.15) 



Let us check the residues of the Seiberg-Witten differential at the poles t = 00 and 0. 
In the limit of t — > 00, the leading terms in <f>^ and (f>^ are M2 and {m\m2vn 3 — 
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m_|_M2 + 2m^)/t 3 , respectively. Therefore we find that at t = 00 there is a regular puncture 
of full type whose residue is 

-(— 2mi + 777-2 + "73, m\ — 2771-2 + 7773, m l + m 2 ~ 27773) . (5.16) 
o 



2 



Similarly in the limit of t — > 0, the leading terms in (j)^ and are — -73— and (—777477757776+ 
Z^4<j<j<6 m i m j ~ 2rh+)/t 3 , respectively. Thus we find that the puncture at t = is 
also regular full type one whose residue is 

-(27774 — 7775 — 7776, —7774 + 27775 — 7776, —7774 — 7775 + 27776). (5-17) 

Now we consider the limit where the 77 punctures at t = 1, tg, ••• ,t n simultaneously 
collide to the puncture at t = 0, while the remaining puncture at t = 00 is kept intact. In 
order to take such a limit, let us rescale the coordinates as 

t = (Cm_) 1/n w (5.18) 

and take the limit Ct77„ —> 00 with suitable variables kept finite. We first consider 

m + y4 777 j_i 777 + TO_ C t n + Y!j = { Cjt n ~ j + CtTT,- 

*-i x^t-U t-t n t ' tUk=i(t-tk) 

in the differentials ( |5.11| ) and ( |5.14 ), Here we define 



Co := 777 + + 777 + + 777_ + 777 

£ - 

l<Pl<---<Pj<n 



x (m+(l - 8 Pu i) + (777 - Y? a =l ™>Pa-i) + "H(l - bpj,n) + ra_J • (5.20) 
Then we require that the following variables should be kept finite in the limit: 

*■ °>~tp£w (5 ' 21) 

where j = 1, . . . , 77 — 1. Note that all of the variables available here are 77 mass parameters, 
so we can have at most 77 finite parameters. 

In order to find the final form of the quadratic and the cubic differentials, we must 
also keep the following variables finite: 

n ( 2 ) i- 1 
C ^f _..(3) M 3 + V2(rh+ + m) = p 2 



777_ 
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~(3) (3) . (2) i- 

Therefore we finally find in the limit the quadratic differential becomes 



where we define u) := u\ + eu\ — gV^-Pj. 



\ i=l / j=l 

and the cubic differential becomes 



Y \w n+1 ^ w ' l+1 w ) 



2n-l (2) ,o2 (3) T / „ 

w n+3 ~*~ Z-> w £+3 w 3 
j=l l<p<n ' £=1 

l<q<n— j 
0<j—p+q<n 



(5.24) 



where V% and V3 are defined in ( 5.12 ) and (|5.15| ), and we set c n = 1. It is easy to see that 



the Seiberg-Witten differential has a simple pole at t = 00 of full type and a pole of degree 
n + 1 at i = 0. Thus, this theory is associated with C i i n+1 \. 

The scaling dimensions of the parameters can be calculated by demanding that the 
Seiberg-Witten differential has dimension one. Since x 3 + fox + fo = 0, this completely 
fixes the dimensions of the parameters in the differentials ( 5.21 ) and ( |5.22 ) as 



A( Ci ) = l--, A(c ) = A(/3) = 1, A(V 2 ) = 2, A(V 3 ) = 3. 
n 

A(vf } ) = 1 + A(t;f 3) ) = 3 - -, (5.25) 
n n 

(2) 

where i = 1, . . . ,n — 1 . We therefore see that the parameters q and i> 4 - are paired to give 

(3) 

the relevant deformations. On the other hand, v\ have dimensions greater than two, thus 
they are interpreted as irrelevant operators. Notice that this SCFT is not the most general 

one with the leading singularity of order n + 1 at w = 0, i.e. Asw ~ t+i ; since fo and fo 

(2) 

include common parameters q and v\ . This corresponds to the degenerate case studied 
in p3| , |54}] 4 . Generically it is possible for fo and fo to have independent parameters. This 
is a different SCFT from the one we obtained here, and might be given as an IR fixed point 
of J\f = 2 SU(3) gauge theory with non-Lagrangian Eq SCFT's associated with a sphere 
where all the punctures are of full type. 

By comparing the results in section || and this subsection, and assuming the correspon- 
dence between the cubic differential of gauge theory and the W-current of Toda theory 

a(3) ^ -?-W + , (5.26) 

\ K 



4 We would like to thank Dan Xie for helpful explanation of his works. 
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we find the correspondence of the parameters in both theories is 

c ^ c , a -+ c 4 , Cn-H, vf -> 3— , /3 2 -+ -6 (/3 2 +1 + ±n(n + 3)Q 2 ) . (5.27) 

,(3) ; 



We cannot see the counterparts of v - in the Toda theory, since the actions of Wo, ■ ■ ■ , W n -\ 
on the irregular state are not found out in our discussion. 

Finally we note that the same isolated SCFT W(A2, Co 1/71+1} ) can be also obtained 
from a different quiver gauge theory: 

2 - SU{3) - SU{3) SU(3) -3. (5.28) 



71-1 

It means that the maximal conformal point of this quiver is the same as that of ( |5.1| ). 
5.2 Other quiver theories 



As in section 4.2, we can consider other classes of quiver gauge theories: 

1 - £17(3) - £17(3) SU(3)-3, (5.29) 



71-1 

and 



SU(3) - SU(3) SU(3) - 3, (5.30) 



78- 1 

to search isolated SCFT's with an SU (3) flavor symmetry. Since the relation of these 
SCFT's with the irregular state in W3 algebra is unclear, we will not pursue general cases. 
Instead, we consider only n = 2,3 for the quiver Q5.30 ), 

Let us derive the Seiberg-Witten curve of the quiver theory ( |5.30 ). The M-theory 
curve is 

n-l 

11 (v + m a )-t n + Y J C l (v 3 + P i v 2 + Q i v + R i )t i + (CA) 3 = 0, (5.31) 

a=l,2,3 i=l 



where A is the dynamical scale. 5 We set Ilfc=i(* ~ *fc) = * + Th=\ c it and c 
C\ . By a sim 
differentials as 



1/3 - 1 

C-y . By a similar calculation to the previous case, we obtain the quadratic and the cubic 



^ 2 v^ + YTiZlCjufv- 1 



,(3) (t) 2 ( m + ^ \ 3 y 4 + EP 1 g^fV + (CA)3 



i=2 



3 We take 7714,5,6 — > 00 and i n — 5- with t„ni4 77157716 = A kept finite in the previous case (5.2). 
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and 



V 2 = M 2 + 6m + m + 3m 2 , uf ] = Qj + 2Pjih + 3m 2 . 
V3 = m\m 2 m 3 — 3m + rh 2 — 2m 3 , = Rj — Pjih 2 — 2m 3 

n-1 



V 4 = -^>[ V 2 t n ~ 1 + CjufiP- 1 ] = -m + V 2 t 2n ~ 2 + • • • • (5.33) 

i=i 



The Seiberg-Witten differential has regular poles of simple type at t = U (i = 1, . . . , n — 1) 
and of full type at t = 00. The pole at t = is of irregular whose degree is |. 

The maximal conformal point of this quiver can be obtained by taking the limit where 
the n — 1 regular punctures collide to the irregular one at t = 0. In order to take such a 
limit, we rescale the coordinate as 

t = (CA) a w (5.34) 
and then take the limit CA — > 00 with some variables kept finite. 
n = 2 case 

We now consider the maximal conformal point of the n = 2 case, namely SU(3) SQCD 
with Nf = 3. We first consider the quadratic differential 4>^ whose expansion is 

(2) _ V 2 - 3mj CA 2) ~ *4 + V2 , Ci4 2) ~ 9m 2 + + V 2 
{W) ~~^ + (CA)»w* + (CA)2^4 + • i 5 -^ 

Let m+ be a finite parameter here. It follows that the second term can be kept finite 

(2) (2) (2) 

by dv>{' = {CA) a v y {>, where v\ is a finite parameter, and the higher order terms are 

suppressed. After taking the limit, we get 

^) {w) = V SL + YlZ^±. (5.36) 

We next consider the cubic differential 4>^ whose expansion is 

l(3l , , V 3 -m+V 2 + 2m 3 6m 3 + C lU (3) - m+duf - 2m + V 2 + V 3 

* {w) = — ^ — + mr^ 

12m 3 + Ciuf ) - 2m + C 1 uf ) - 3m + V 2 + V 3 + (CA) 3 

+ WF^ + " ' ' (5 - 37) 

Since m + is finite and C\u^ ~ (CA) a , in order to make the l/w 4 and 1/w 5 terms finite, 

(3) (3) (2) (3) 

we need to set C\u\ = (v\ +m + v 1 )(CA) a , where v [ is a second finite parameter, and 
a = 3/2. After taking the limit, we get 
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Thus we obtain the Seiberg-Witten curve of the W(A 2 , Cq l {^}) theory. 
The dimensions of the parameters are 

A(m+) = 1, A(V 2 ) = 2, A(F 3 ) = 3, A(^ 2) ) = i, A(t,f } ) = |, (5.39) 

which agree with the ones of the class 2 SCFT of SU(3) with Aj = 3 in ||. Note that the 
W(Ai, Cq i i ) {2}) theory (or the D4 theory) studied in section 4.1 has similar deformation 
parameters, except for m+. (As discussed in 0, this mass parameter m+ can be freely 
tuned.) Thus we conclude that W(A 2 , C Q 1 ^&y) = W(Ai, C 0i i i {2})- 

n = 3 case 

For the calculation of maximal conformal point in the n = 3 case, it is convenient to define 
the variables Co, c\ as 

m+ + =: , C °^ £l i • (5-40) 



t-1 t-t 2 ' (t- l)(t-t 2 ) 
The quadratic differential is expanded as 

,(2), x = V2 - 3c 2 -6c ci + C 2 u { 2 2) -3c 2 + Cmj 2) + C 2 4 2) 
^ lU,J w 2 (CA) a w 3 (CA) 2 »«; 4 

_6c? + CmS 2) + C 2 uf_ + _ 



(CA) 3a u; 5 

Here we assume that V2 and Co are finite, and drop the vanishing terms in the collision 
limit. Let us impose the following conditions: 

£1 = Cl (CA) a + C(CA) 4a / 3 , 

C 2 uf = (v® + 6 CoCl )(CA) a + 6coC(CA) Aa/3 , 

C lU f ] = (c (2) + 3c 2 )(CA) 2a + 6ciC(CA) 7a / 3 + 3C 2 (CA) 8a / 3 , (5.42) 
where c\, £, and v^ 2 ' are kept finite. After taking the limit we obtain 

M w) = * + % + *Z*Z. (5.43) 

On the other hand, the cubic differential is expanded as 

(3) V3 - m + V 2 + 2c 3 ; 6cgci - m + C 2 4 2) + C 2 4 3) 

^ [W) + (CA)^ 4 

6c c 2 - m + Cmj 2) ~ 2m + C 2tt ^ 2) + duf } + C 2 u^ 3) 
(CA) 2a w 5 

2cf - 2m+Cmj 2) - 3m + C 2 n^ 2) + C lU f ] + C 2 n^ 3) + (CA) 3 

6c 3 - 3m + CmS 2) - 4m + C 2 n^ 2) + Cmf } + C 2 uf + (CA) 3 

(CA) 4 "^ +---,(5.44j 



+ 



+ 
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where we assume that V3 — m + V2 remains finite. We note that m + = (cq + ci)/(l — t 2 ) = 
C(CA) 4a / 3 + • • • from ( |5,40 ). In order to make the 1/u; 4 and 1/w 5 terms finite, we need to 



impose the following conditions: 

C 2 uf = (4 3) - 6 C 2 Cl )(CA) a + • • • + (v^ + 6c ci)C(CA) 7a /3 + 6co C 2 (CA) 8a / 3 , 
duf = (v[ 3) -6c c 2 )(CA) 2a + --- 

• • • + ( C M + 3c 2 )C(CA) 10a / 3 + 6ciC 2 (CA) lla / 3 + 3C 3 (CA) 4a . (5.45) 

To make the 1/w 6 term finite, we need to impose additional conditions 

a=j, C = l, c^=3c 2 . (5.46) 
Then the 1/w 7 term also becomes finite. After taking the limit we obtain 



w' w° w° w w° 



where we define = 2c 3 . Thus we obtain the Seiberg-Witten curve of the W(A 2 , C Q 1 ^7y) 
theory. 

The dimensions of the parameters are 

A(c ) = l, A(V 2 ) = 2, A(V 3 -m+V 2 ) = 3, 

A(c( 2 )) = i, A(,( 2 )) = ^, A(c( 3 )) = ^, A(t,< 3 >) = |, A(v^) = 9 -. (5.48) 

Therefore, the pairs of parameters {c^ 2 \ v^) and (c^\v^) give the relevant deformations, 
and the parameter is interpreted as the irrelevant operator. This isolated SCFT, how- 
ever, seems unusual because both the relevant couplings and c® can be written in terms 
of c\. This means that they are simultaneously turned on and cannot be independently 
shifted in this case. 

5.3 Comparison with BPS quiver method 



In [50], isolated SCFT's denoted by D(G,n) with a flavor symmetry G have been con- 
sidered, based on type IIB compactification on local Calabi-Yau three-fold specified by 
A(s,t) x A p . (The defining equation of this will be given shortly.) The four-dimensional 
theory can be considered as M = 2 SU(p+l) gauge theory coupled to two strongly coupled 
sectors labeled by s and t. By decoupling the gauge sector of this theory one ends up with 
decoupled SCFT's D(SU(p + l), s — 1) and D(SU t— 1) each with a global symmetry 
SU(p + 1) which should be (a subgroup of) a flavor symmetry of the SCFT. 

In this subsection, we compare the SCFT's found in previous subsections with the 
D(SU(3),n) SCFT. To do this, let us consider the Calabi-Yau geometry of A(s,t) x A p 
which is described by the equation 

W = A b (z s + z-*) + P p+ i(x) +y 2 +w 2 =0, (5.49) 
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where b is the coefficient of the one-loop beta function of the gauge coupling and P p +\ = 
x p+1 + U2X P ~ 1 + • • • . Note that by setting z = e z we recover the expression in |5C]. The 
decoupling of the gauge group leads to the geometry of D(SU (p + 1), s — 1): 

W = z s + P p+1 (x) + y 2 + w 2 = 0, (5.50) 

where the moduli, u%, . . ., in P become the mass parameters. 

The holomorphic three-form of the Calabi-Yau three-fold can be written as 

dz ( dx Ady\ dz I dx A dy\ . „_,. 

O = — A —z = — A . (5.51) 

z \dW/dw) z \ 2w ) 

In order to find the Seiberg-Witten curve and the differential we need to integrate VI over 
the two-spheres, parametrized by const + x p+1 + y 2 + w 2 = 0; see the calculation in p6| . 
After integration we obtain 

dz 

Asw = x — , (5.52) 

where x is determined by the curve 

W SW = z s + P p+ i(x) = 0. (5.53) 

First of all, let us check that this is indeed the correct one when p = 1 namely 
D(SU{2), s — 1) theory. In this case, we obtain the curve 

W sw = z s + x 2 + u 2 = 0. (5.54) 

By shifting x — > xz to absorb the 1/z factor in the differential, we get 

Z l 



By z —> 1/t we finally obtain 



x2 + -^Pi + f = 0- (5-56) 



Supplying the less singular terms corresponding to the relevant and the mass deformations, 
we can make ( 5.56| ) identical to the curve of the W{A\, C 0> i^± + iy) theory. 



Then, let us consider the D(SU(3), s — 1) theory. Repeating the same argument, we 
obtain the curve 

z 3 + !* + ^3+^ = 0, (5.57) 

with the differential 

Asw = xdt. (5.58) 
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Note that at t = oo the differential has a simple pole of full type, since u 2 and 1*3 are 
independent mass parameters, and that the degree of the pole at t = is | + 1. The pole 
structure of the curve agrees with that of the W(A2, Co,l,{|+l}) theory. The s = 3n case 
corresponds to the SCFT which we found in subsection 5.1. However, the pole structure 
is not enough to identify these SCFT's: relevant deformations should be compared. We 
cannot conclude this point here, since we are not sure that whether the D(SU(3), s — 
1) theory is non-degenerate or degenerate in the sense that we mentioned at the end of 



subsection 5.1. Furthermore, the cases of s = 2 and 4 correspond to n = 2 and 3 of the 



SCFT's found in subsection 5.2, respectively. However, in the same reason as above, the 
n = 3 SCFT might be different from the D(SU(3),3) theory. 



6. Discussions 

As we have seen in this paper the irregular state for isolated SCFT's with an SU(3) 
flavor symmetry is a simultaneous eigenvector of the higher positive modes L n , . . . ,L 2n 
and W 2n , ■ ■ ■ ,Ws n with n > 2. Some of the lower positive modes act as the first order 
differential operators. We should mention that these conditions cannot determine the 
irregular state in the Verma module uniquely. In fact this issue already appears in the 
Virasoro case. Let us illustrate it by the simplest example of the Virasoro irregular state 
with n = 2, where we have 

L k \h) = A fc |/ 2 ), (2<k<4), (6.1) 
L e \I 2 )=0, (5<l). (6.2) 

The action of Lq and L\ may be given by some first order differential operators, which we 
will discuss later. The condition ( |6.2j ) implies that only non-vanishing inner products with 
the basis of the Verma module are 

(A,c\L k l l L k 2 2 L k 3 3 L't\I 2 ) = A^ 2 A^A^(A,c|L^|/ 2 ), (6.3) 

where |A,c) is the primary state with the conformal dimension A and the central charge 
c. Hence the irregular state I/2) is expanded as follows: 

00 

\h) =X>fcl**>> (6-4) 

k=0 

where \^k) is a vector in the Verma module at level k and 

a k :={A,c\L^\I 2 ). (6.5) 

As in the n = 1 case, or the cases of W(Ai, C 1 £ 3 j.) and W(Ai, C 0)1i {2})j the family of 
states is completely fixed, once we specify the simultaneous eigenvalues A2,A3 and 
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A4. However, there remain an infinite number of arbitrary constants a n . We can expect 
that the L\ action as a differential operator provides some recursion relation on a n . In 
terms of the "CFT" parameters 00,1,2 associated with the collision of three primaries, the 
eigenvalues are given by A4 = c|, A3 = 2c\Ci and A2 = 2coC2 + c\ . Then the action of L\ is 

Li\h{ci)) = (vi + 2c oCl - c 2 ^j \h(ci)), (6.6) 

where in addition to co,i,2 we have introduced the parameter v\ coming from the Coulomb 
moduli on the gauge theory side. Using 

v + 2c oCl - c 2 ^- = (-c 2 ^-) (6.7) 

2 

with x(cj) := + ^-, we obtain a recursion relation 

a n = (A,c|e^) (- C2 JLY e-x^lhici)) 

= (-C2^)"^ x(c,) «o(Q), (6.8) 

where we have used the fact that the primary state |A, c) is independent of q. The factor 
in front of ao is essentially the Hermite polynomial. Hence the total ambiguity in the 
solutions to the Virasoro irregular state with n = 2 is the "initial" condition ao(cj), once 
we fix the Verma module (or the "final" conformal weight A(a)) the irregular state 1^2 (cj)) 
belong to. The last condition is related to the Lq action on ^(cj))- 

The above ambiguity of the "initial" condition is nothing but the overall coefficient 
ambiguity ao of the ansatz for the solution 

\In) = «o(c«)( I A) + descendants ). (6-9) 

Since the irregular state conditions involve the derivatives with respect to q , the coefficient 
ao of the leading term | A) may affect the higher- level terms drastically when one solve the 
condition recursively. Fortunately in the simplest case of above, we can derive the recursion 
relation. However, in general it is not clear at all that the recursion relations coming from 
the differential operator are under our control. This problem is also related to the ansatz 
to define the normalized state \R n ) from \R n ), which we have used to eliminate infinities 
in taking the collision limit of punctures. In this paper we are sloppy with the internal 
momentum dependence of the state |i? n ). The more precise regular state is 

iRn-ai,^) = 1 A V Al (zi) IaoSi) ^a 2 (^2) 1a(/3 2 ) • • • Iao^-i) VA n (z n ) |A n+ i), (6.10) 

where /3j is an internal momentum of this channel and 1a is the projection operator to 
the Verma module with the corresponding conformal dimension. This expression also fixes 
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the ordering of the fusions of the vertex operators to describe the linear quiver on the dual 
gauge theory side. We see the coefficient of the leading term of \R n ) is 

\R n ) = {Al VA ^ Zl) 1a <*> V ^ Z2) ^ ) \ 2 y n ' l) VAn(Zn) '^V) + descendants , 

lli<jK z i z j) 13 

(6.11) 

where this leading coefficient is the fraction between the n + 2 point Liouville conformal 
block and the free field conformal block. The behavior of the fraction in the collision limit 
is not obvious and one may be afraid of its vanishing as Zi —> 0. However, we can define 
the overall normalization ao by multiplying it by a certain function /(ctj) of a, to obtain 
the non-zero limit 

, a s y A A \ VAi(«l) lA(A) Va 2 (z2) lACSa) • • • 1 A(p n - 1 ) V A n ( z n) |A n+ i) 

collision U.i<j( z i- Z j) 1 1 

(6.12) 



This coefficient may provide a correct normalization (|6.9| ) for \I n ) to reproduce the Nekrasov 
partition function of the corresponding four-dimensional theory as a function of Cj and /3j . 
However, since the fraction of the conformal blocks looks a complicated form, it is very 
hard to evaluate the limit-value ao explicitly. 

In summary, it is an important problem to fix the overall normalization of the irregular 
state for working out the AGT-like correspondence of isolated N = 2 SCFT. The fact that 
this overall coefficient plays a key role to establish the AGT relation for Pestun's partition 



functions on S 4 [57] may provide a clue for the problem. Let us demonstrate it by the 
simplest case n = 1. In this case there is essentially no ambiguity of solution because we 
can replace the derivative term Ad\ by Lq. Here we assume Q = for simplicity. The 

A-c 2 

fraction of conformal blocks in this case is merely z 1 °, and so the overall coefficient is 
defined by 

C= lim af " C % A " C » = cf" c °. (6.13) 

collision 

2 

This coefficient provides the classical part A a and a part of proportionality coefficient of 
the AGT relation 

correlation function on S 4 oc J a 2 da(DOZZ part)|A a2 Z inst | 2 - (6.14) 

This idea may be used to establish a possible AGT relation for isolated SCFT's with 
irregular states. 
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A. Convention for A 2 Toda field theory 

The action of two-dimensional A 2 Toda field theory is 

S= f d 2 a^gl±g*yd x 0-d y 0+» £ e^+^Rp.A (A.l) 

where (p is the Toda fields satisfying <^-(l,l,l)=0. g xy is the metric on 2-dim Riemann 
surface, and R is its curvature, p, is the scale parameter, b is the dimensionless coupling 
constant, and Q := b + 1/6. eu is the k-th simple root and p is the Weyl vector {i.e. half 
the sum of all positive roots) of 5(3 algebra. 

Our convention of 5(3 algebra is as follows; Let Ui be the orthonormal bases of M 3 with 
vii ■ Uj = Sij . The simple roots are defined as 

e\ = u\ - u 2 , e 2 = u 2 - U3 ■ (A. 2) 

Together with the maximal root 6 = e\ + e 2 = ui — U3, they form a positive root system 
of SI3. The fundamental weights wi and w 2 are defined by w% • e} = 5ij and given by 

wi = ^( 2 ^i - u 2 - U3) , w 2 = + u 2 - 2n 3 ) . (A.3) 

The Weyl vector is p = + e 2 + 9) = w\ + w 2 = 0, the last equality is specific to 5(3 
algebra. Finally the weights of the fundamental representation are 

1 1 

\ 1 = wi = g (2«i ~u 2 - u 3 ) , \ 2 = wi - ei = + 2 «2 - u 3 ) , 

A3 = wi - ei - e 2 = g (-^1 - u 2 + 2u 3 ) . (A.4) 

In the following, we simply choose Ui as u\ = (1, 0, 0), u 2 = (0, 1, 0) and u 3 = (0, 0, 1). 

The symmetry algebra of A 2 Toda theory is well known as W3 algebra. The generators 
of this algebra are defined by the two chiral Noether currents with spin 2 and 3 as 

n=— 00 n=— 00 
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The commutation relation among these generators is 

[L n ,L m ] = (n - m)L n+m + -^(n 2 - l)£ n+m ,o 

[L n , W m ] = (2n - m)W n+m 

2 c 16 

~[W n , Wm] = ^r:n(n 2 - l)(n 2 - A)5 n+mfi + (n - m)A n+m 

9 o-5! 22 + 5c 

+(n - m) (Jg(ri + m + 2)(n + m + 3) - i(n + 2)(m + 2)^ L n+m (A. 6) 
where the central charge is c = 2 — 24Q 2 and 

OO j 

A n = -LkLn-k- +^x n L n ; x 2 i = {1 + - I) , x 2 i+i = (2 + /)(l-/). (A.7) 

Note that here we fix the normalization of the generators. In this convention, all the 
generators are hermite, i.e. the adjoint of generators are L n = L_ n and Wn = W- n . 

The highest weight state in this algebra is given by the vertex operator in Toda theory: 

V s (z) = :e s ^ : , \V S ) = Hm V 3 (z)\0) , (A.8) 

2->0 

where a G C 3 and a • (1, 1, 1) = 0. Note that a is called Toda momentum, whose concrete 
form can be determined by the degenerate state condition [58]. Its expression for all the 
cases in AGT relation is given in |59]]. 6 In the maintext of this paper, Toda momentum is 
denoted as (01,02), which means 

a = + % ) (!> !> - 2 ) " * («2 + |) (1> -!> 0) 

= -i— 1, -2) - ia 2 (l, -1, 0) - iQp . (A.9) 
v3 

The conformal weights of the vertex operator are given as 

L \V S ) = As\V s ) , W \Vs) = w s \V s ) , (A. 10) 



where 



A 5 = -(—2iQp — a) ■ a = a\ + a 2 , - Q 2 , 



48 _, 2 

"'.7 ' — = \ — JJ (a + • Aj = = ai(«i - 3a 2 ) . (A. 11) 



v / 2V22 + 5c^ v ^4 - 15Q 2 



6 The expression in |59| has been justified only in the correspondence to the 1-loop partition function 
of the corresponding gauge theories. The correspondence to the instanton partition function remains a 
challenging discussion. For Ai Toda theory, it has been checked in |3(| up to instanton level 3. For a general 
An case, the check is still incomplete: The discussion using Heisenberg algebra seems promising joij, and 
some researchers suggest Wi+oo algebra is useful for this discussion J62y . 
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Finally we show the free field representation of the chiral currents: 



T(z) = ---.(d z 0) 2 :-iQp-d 2 z 0, 



(A.12) 



V2, 



W(z) = : HiXi ■ d z <p) : + ^ : (Ai • 80)^ ■ d 2 <p) + (A 3 • 30){e 2 ■ d 2 0) 



1 



3 w * • / 2 

i=l 

Similarly to Toda momentum, Toda field can be also denoted as (</?i, ^2), which means 

£ = 1, -2) + ^2(1, -1, 0) . (A.13) 

In this notation, the generators are 



T(z) = I [{dztpx? + (d zm ) 2 ] + ^=(V3d 2 m + d 2 <p 2 ) 



W(z) 



2V3 
V3iQ 2 



2V2 



+ 



(c^V - V3d 3 z cp 2 ) 



d z ifi{\/2>d 2 z (pi - 2d 2 ip 2 ) - V3d z ip 2 d 2 (p 2 

(A.14) 



and the vertex is V s (z) = :e s ^: = . e ^«w^w)+3 5 V*ei+<f») ■ 



B. Virasoro irregular conformal blocks 

Virasoro irregular states which describe degree | and 2 singularities p(J| were shown to be 



extended to any order in [[H], 12, 39]. As classified in |3^], the conditions satisfied by the 
states constructed in [|ll|, 0] which are considered in section [2|, are different: the former 
state \G m ) is specified by 

L\ \G m ) = Amuj \G m ) , L m \G m ) = A 2 \G m ) , (B.l) 

and is not an eigenstate for L/% with 1 < k < m. The latter state \I n ) is specified by 

• , L 2n \I n ) = i 2n \I n ) , (B.2) 



where (n < < 2n) are constants, and is not an eigenstate for with k < n. 
In fi"l[| ) an explicit solution to the conditions (|B.l| ) has been given: 



[^1 



\G m ) = Y,Y, A2e/m Il c i II (m tm (m-l) lm ~ l ---2fi>l ei ]Y)L- Y \A) 



i=l 



0=1 



(B.3) 



with ^ is a level ^ = YlT=i s ^ s - Note that we assumed that the coefficient of the primary 
state of the expansion of the irregular state is 1, namely \G m ) = |A) + 0(A), where 
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0(A) terms include various descendant states. (As discussed above, if we allow the other 
normalization of the primary state, the expansion of the irregular state could be different 
from that of flB.3|). But, we do not see this possibility in this Appendix.) We will see 



below that this state satisfies the conditions (B.l) in the convention of descendant fields: 
L_ fcl L_ fe2 • • • | A) with 

ki<k 2 < .... (B.4) 
Furthermore, we will see that in the different convention of descendant fields: 

h>k 2 >..., (B.5) 



the explicit state (B.3) satisfies the conditions ( |B.2| ) for In = m. 
B.l Irregular states in the first convention 

First of all, let us check that the state ([B.3D is indeed a solution of (|B.1|) in the first 



convention ( |B.4| ). Note that the state ( |B.3| ) satisfies 

[f] Pr 1 ] 

(A\L Y \G m ) = A 2e/m f[ar^ f[ v e a a , for Y = m £m (m- ■■■2 l n l \ (B.6) 



8=1 a=l 



In [11 1, it was shown that this state satisfies ( |B.1[ ) and 

Lk \G m ) = for k > m. (B.7) 
For Lk with 1 < k < m, we obtain 

Lm-i \G m ) = A 2 ""'- 1 "™ (c, + (2 - m)^A |0„) , (B.8) 

| Gra > = („ + ,3 - m)ci A + (2 -"f-"" ^ + (4 - H A) |Gm> , 

and so on. A generic feature is that the action of L m _k starts with a term with c/t and 
the remaining terms, although involved, can be written as differential operators in the 
parameters. 

For instance, the state \G±) is given by 

oo 

|G 4 > = A ' /V i 3 ^ 2 ^ 1 Q A 1 (4' 4 3^2^1^ ; y)L_ y |A) , (B.9) 

i=o e p 

where we have renamed c 2 as m which corresponds to the dimension-one mass parameter 
of the gauge theory. This state satisfies 

d_ | cf 



L x |G 4 ) = A2 Wl |G 4 ) , L 2 |G 4 ) = A ( m - a— + — |G 4 ) , 



i - d \ , ,2 



L 3 |G 4 ) = A* ( d - 2— ) |G 4 ) , L 4 |G 4 > =A^|G 4 >. (B.10) 
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B.2 Irregular states in the second convention 

Let us next consider the same state (|B.3| ) in the convention (|B.5| ). Let us below see that 
when m = 2n, this state satisfies the same conditions as those of |I ra ). When m = 2n, we 
have a state 

oo n— 1 

\(h n ) = Y,Y. A£/n \\ct- 1 v e i l m^Q-^{2n^{2n- l)^- 1 ■ ■ ■ 2 e n £l ;Y)L_ Y |A) , 

(B.ll) 



where we have renamed c& as m, as in previous section. This state satisfies 

n-l 

(A|L y |G 2 „) = A^ n JJ cf 2n -i>f rrA, for y = l h 2? a ■ ■ ■ 2n hn . (B.12) 
i=l 



Note that y is different from ( B.6 ), 
One can check that 

(A|L y L 2n _ s |G^> = A^c s (A\L Y \af n ), (B.13) 
for < s < n, with cq = 1, and 

(A|LyL n |G^) = Km{/\\L Y \Chn) ■ (B.14) 

This means 

L 2 n~ s \G 2 n} = A~^c s \G 2n ) for < s < n, 

L n \(hn) = Am|G^>, (B.15) 

For L s (s < n), the state is not the eigenstate, but acts as differential operators with 
respects to q parameters, e.g., one can check that 

(A\L Y L n ^\G7n) = ^„-i + 2^— + ci^j <A|L y G^}, (B.16) 
which means that 

L n -l\(hn) = (vn-i + 2-^— + Cl A^ (b.17) 

For instance, the state IG4) is given by 

L 4 |S) = A 2 |a,), L3IG4) = aJci|ST), i 2 |Si) = Am|G 4 ), 

L 1 |0 4 > = AlL +2 A + Pl |.W 1> . (B.18) 
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We can check that these are exactly the same as the condition satisfied by the state \I<2)- 
Indeed, the state I/2} is specified by 

U\h) = c 2 2 \I 2 ) , L 3 \I 2 ) = 2cic 2 |/ 2 > , L 2 \h) = (2c C2 + c?) |/ 2 > , 

Li \h) =vi + 2c ci + c 2 J- |/ 2 ) , (B.19) 

where we used hatted variables for the parameters in section (We ignored the terms 
including Q.) The first three equations implies the relations among the parameters 

ciA 1 / 2 1 c? 

c 2 = A, ci = ^— , co = -(m-^). (B.20) 

Thus, the derivative can be written in terms of the parameters of our state as 

&£ = A*(2A + * Y (B.21) 



9ci V 9ci 9m 



This shows the equivalence of our state and the one in ]12[, with the identification v\ = 
v\ + 2cqc\. 

C. Irregular states of U(l) current algebra 

In this section we want to show that in the case of U(l) current algebra the irregular 
states obtained by the confluence of the vertex operators are nothing but the standard 
coherent states. The crucial point here is the free field nature of the U(l) current algebra. 
Namely all the positive modes a n (n > 0) of the U(l) current are mutually commuting and 
the Verma module is the (infinite) tensor product of the Fock space of a single harmonic 
oscillator. 

Let us introduce a free chiral boson; 

<p(z) =q + a log z-V— z" n , (C.l) 
~ J n 

with the commutation relations: 

[a m ,q] = d m ,o, [a m ,a n ] = m 5 m +n,o- (C.2) 
Associated U(l) current is 

J(z) = d<p(z) = Y, a n (C3) 

and the Fock vacuum \a) = V a (z)\0) is created by the vertex operator 

V a (z) = : e a ^ : (C.4) 
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By the OPE 



J{z)V a {w) 



a 



z — w 



-VJw) 



we have the following action on \R n ) = V ai (zi) ■ ■ ■ V an (z n )\ao): 

J{y)\Rn) -- 



H 1 1 ) \tinl 



y-zi 
Pn(y) 



y - z n y 

\Rn), 



(C.5) 

(C.6) 
(C.7) 



where P n (y) = coy n + ciy n_1 + • • • + c n _iy + c n . Then we will take the limit Z{ — > and 
oti — > oo, while keeping co,c±, . . . ,c n finite. The limit state \I n )F = lirnzi->o,aj->oo \Rn) 
satisfies; 



J{y)\In)F = ^2-T^\In)F- 

i=0 y 



This means that 



ai\I n ) F = Ci\I n ) F (l<i<n), a k \I n ) F = 0, (k>n), 



(C.8) 



(C.9) 



and hence \I n )F is nothing but the standard coherent state with eigenvalue for the i-th 
oscillator mode. The most simple example is the collision of two vertex operators, where 



Pi(y) = coV + ci, co = a + ai, c\ 



-olqZx 



(CIO) 



We take the limit Z\ — >• and «o - ^ +00, keeping ceo + and ci finite (or a.\ — > —00). 
This is a point like limit of the dipole with an infinite charge. The coherent state produced 
by the confluence of (n + 1) punctures can be generated by the generalized vertex operator 
on the primary state; as 



\I n ;ci,a) F = limexp ^Xj^(cfe d k (p{z)^j \a) 



(C.ll) 
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